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Abstract 

In the proceeding paper we constructed an infinite exact sequence a la Villamayor- 
Zelinsky for a symmetric finite tensor category. It consists of cohomology groups 
evaluated at three types of coefficients which repeat periodically. In the present pa¬ 
per we interpret the middle cohomology group in the second level of the sequence. 
We introduce the notion of coring categories and we obtain that the mentioned 
middle cohomology group is isomorphic to the group of Azumaya quasi coring cat¬ 
egories. This result is a categorical generalization of the classical Crossed Product 
Theorem, which relates the relative Brauer group and the second Galois cohomol¬ 
ogy group with respect to a Galois field extension. We construct the colimit over 
symmetric finite tensor categories of the relative groups of Azumaya quasi coring 
categories and the full group of Azumaya quasi coring categories over vec. We prove 
that the latter two groups are isomorphic. 
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1 Introduction 

In its origins, the Brauer group was defined for a field: it consists of equivalence classes 
of central simple algebras over a field. Its first generalization is over a commutative ring 
R: central simple algebras are replaced by Azumaya algebras A, satisfying A A°p = 
Endij(A). Further generalizations are crowned by the Brauer group of a braided monoidal 
category C constructed in [22] , it consists of equivalence classes of Azumaya algebras A G C 
such that A (g) A°^ = [A, A] and A°p (g) A = [A, A]"^’, where [A, A] denotes the inner horn 
object. 

By the classical Crossed Product Theorem the relative Brauer group Br(///c) is iso¬ 
morphic to the second Galois cohomology group with respect to the Galois field extension 
l/k. Since every central simple algebra can be split by a Galois field extension, the full 
Brauer group Br(/c) of the field /c is a limit of the relative Brauer groups Br(///c) for Galois 
field extensions l/k, and as such it is isomorphic to the second Galois cohomology group 
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with respect to the separable closure of the held. If we change the setting and we consider 
Galois extensions of commutative rings, we have that not every Azumaya algebra can be 
split by a Galois ring extension. On the other hand, for the relative Brauer group instead 
of the Grossed Product Theorem we have an inhnite exact sequence by Villamayor and 
Zelinsky |23]- If involves cohomology groups which are evaluated at three types of coeffi¬ 
cients so that the three types of cohomology groups appear periodically in the sequence. 
As they observed, when the ring extension is faithfully hat, the relative Brauer group em¬ 
beds into the middle term in the second level of the sequence. If the extension is faithfully 
projective, the embedding is indeed an isomorphism, and the Grossed Product Theorem 
is recovered. 

In [3] we introduced the Brauer group of Azumaya corings and we proved that it is 
isomorphic to the mentioned middle term cohomology group. In this setting a commuta¬ 
tive ring extension R —> S is faithfully hat and S (8)_r S is the basic Azumaya S'/i?-coring. 
We also have that the full Brauer group Br(i?), which is the limit of the relative Brauer 
groups Bt{S/R) over faithfully hat ring extension R —> S, is isomorphic to the full group 
of Azumaya corings over R. This resolves the dehciency in the cohomological interpre¬ 
tation of the Brauer group of a commutative ring. Gorings were introduced in IZH and 
a later interest for them was revived by the appearance of [2], where it was shown that 
various structure theorems for entwining structures in the context of gauge theory on 
non-commutative spaces, Doi-Koppinen Hopf modules, just to mention some, are special 
cases of structure theorems for the category of comodules of a coring. 

Replacing a commutative ring S' by a symmetric hnite tensor category C, we proved 
in m that there exists an analogous inhnite exact sequence to that of Villamayor and 
Zelinsky. On the other hand, replacing Azumaya algebras in a braided monoidal category 
from the mentioned construction in [22] by invertible (exact) bimodule categories over a 
hnite tensor category, in [2] the authors introduced the Brauer-Picard group of a hnite 
tensor category. It consists of equivalence classes of exact invertible C-bimodule categories 
Ad, where C is a hnite tensor category, satisfying: Ad KIc Ad°^ ~ C (and equivalently 
Ad°^ KIc Ad ~ C). This group is of great importance in the classihcation of extensions of a 
given tensor category by a hnite group, and it is also related to mathematical physics, e.g. 
rational Gonformal Field Theory and 3-dimensional Topological Field Theory, [121 [T5|. In 
particular, it is also shown that BiViciVeck) = Br(/c), that is, the Brauer-Picard group of 
the category of /c-vector spaces is isomorphic to the Brauer group of the held k. When C is 
braided one may consider one-sided C-module categories in which the action on the other 
side is induced via the braiding. Their equivalence classes form a group, called the Picard 
group of C and denoted by Pic(C), and it is a subgroup of BrPic(C). It is also known, [B], 
that Pic(C) is isomorphic to the Brauer group of exact Azumaya algebras. In particular, 
for the braided monoidal category of modules over a hnite-dimensional quasitriangular 
Hopf algebra (FT, 7^), it is proved in [7] that the Picard and the Brauer group of C = hM. 
are isomorphic. 

In the present paper we introduce the notion of coring categories and of Azumaya quasi 
coring categories. We prove that the middle cohomology group in the second level of the 
sequence from m is isomorphic to the group of Azumaya quasi coring categories. These 
are invertible categories coming from Pic(C Kl C) equipped with an additional structure. 
The reason that we obtain quasi coring categories (coring categories without the counit 
functor) is that we do not have a suitable notion of “faithful flatness” in the setting of 
module categories (we lack of examples for a formal definition). This notion was crucial in 
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recovering the counit for the Azumaya corings in [3]. Nevertheless, Proposition 15.8l is valid 
even without the “faithful flatness” condition. This result is fundamental in Section [7] 
for few reasons. Firstly, to construct the colimit of the relative groups of Azumaya quasi 
coring categories, secondly to introduce the corresponding full group and dually to prove 
that the two groups are isomorphic. The interpretation of the middle term in the drst 
level of our indnite exact sequence encounters the same difdculty as the one mentioned 
above concerning the “faithful datness” condition, whereas the interpretation in the third 
level is left for a further investigation. 

The paper is organized as follows. In the next section we recall some dednitions as 
well as some results from m that we will be using here, and we pursue with some basic 
results. In Section E] we develop some results based on certain adjoint pairs of functors 
which will help us to obtain the 1-1 correspondence in Lemma [6.11 In the following sec¬ 
tion we introduce coring categories over dnite tensor categories, which will be used in our 
cohomological interpretation. Section [5] is dedicated to recall our Amitsur cohomology 
over symmetric dnite tensor categories from im and we consider what we call extended 
cocycles. We also prove here some new results, among others Proposition 15.11 and Propo¬ 
sition 15.81 by which any two functors F,G : C — > V between symmetric dnite tensor 
categories induce one and the same map between the n-th Amitsur cohomology groups: 
F* = G* ; P) —)■ P), where P is any of the three types of coefdcients con¬ 

sidered in our sequence. This result enables one to construct the colimit over symmetric 
dnite tensor categories of H"‘{»/vec, P). The subject of Section [B] is the interpretation 
of the middle cohomology group in the second level of the sequence, where we get the 
group of Azumaya quasi C-coring categories, for a symmetric dnite tensor category C. We 
also construct the connecting map in the second level of the sequence that ends up in the 
novel group. In the last section we prove that the colimit over symmetric dnite tensor 
categories of the relative groups of Azumaya quasi coring categories is isomorphic to the 
full group of Azumaya quasi coring categories over vec. 

2 Preliminaries and notation 

Throughout k will be an algebraically closed held of characteristic zero, I will denote the 
unit object in a monoidal category C. When there is no confusion we will denote the 
identity functor on a category Ad by Ad. We recall some dednitions and basic properties. 

A finite category over /c is a /c-linear abelian category equivalent to a category of dnite- 
dimensional representations of a dnite-dimensional /c-algebra. A tensor category over k is 
a /c-linear abelian rigid monoidal category such that the unit object is simple. An object 
X is said to be simple if End(W) = k\dx- A finite tensor category is a tensor category 
such that the underlying category is dnite. For a dnite-dimensional Hopf algebra H (or, 
more generally, a dnite-dimensional quasi-Hopf algebra) the category of its representations 
Rep id is a dnite tensor category. 

All categories will be dnite, all tensor categories will be over /c, and all functors will 
be /c-linear. 

We assume the reader is familiar with the notions of a left, right and bimodule cate¬ 
gories over a tensor category, (bi)module functors, Deligne tensor product of dnite abelian 
categories, tensor product of bimodule categories and exact module categories. For the 
respective dednitions we refer to CDi, 0, nai, 0. The Deligne tensor product bifunctor 
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— Kl — and the action bifunctor for module categories —®— are biexact in both variables 
[SI, Proposition 1.46.2], 

For hnite tensor categories C, "D, £, a C-'D-bimodule category A4 and a ("D, £^)-bimodule 
category A/", the tensor product over V\ M. A/" is a (C, £^)-bimodule category. Given an 
£^-J-'-bimodule category P, there is a canonical equivalence of C-J-'-bimodule categories: 
(Ad Klx> M) KI£: P ~ Ad (AA MsV), [9l Remark 3.6]. 

Given a tensor functor rj : C —> S, then is a left (and similarly a right) C-module 
category. The action bifunctor C x S —)■ T is given by ®{ri x Idg), where <8 is the tensor 
product in S, and the associator functor is 


'mx,Y,F — Olri{X),r]{Y),E{^X,Y <8 E) (1) 

for every X,Y & C and P G T, where ^x,y ■ <8 P) ^ G) vO^) determines 

the monoidal structure of the functor rj and a is the associativity constraint for S. The 
constraint for the action of the unit is dehned in the obvious manner. Moreover, is a 
C-£^-bimodule category with the bimodule constraint '^x,e,f '■ {X®E) ® P —)■ X®{E ® E) 
for X e C,E,E e S, given via ^x,e,e = ar,{x),E,E- 

C-balanced functors. Let Ad be a right C-module and M a left C-module category. 
For any abelian category A a bifunctor P ■. M. x M —)■ A additive in every argument is 
called C-balanced if there are natural isomorphisms bM,x,N ■ E{M^X, N) ^ E{M, X^N) 
for all M G Ad, X e C, AT e A/" s.t. 

F((M®X)®y, N) F{M®{X ® F), TV) f{M, (X 0 Y)0N) 

^m®x,y,n X{M,m!'x.Yx) 

F{{M0X),Y®N) - - -- F{M,X0{Y0N)) (2) 

OmX,Y’»N 

commutes. 


A C-balanced natural transformation T : P —)■ G between two C-balanced func¬ 
tors P, G : Ad X AA —> A with their respective balancing isomorphisms fx and gx, is a 
natural transformation such that the following diagram commutes: 


F{{M0X),N) 
'k(T/®A, N) 

G{{AmX),N) 


fM,X,N 


9m,x,n 


F{M, {X0N)) 

4'(M, X0N) 
G{M, {X0N)). 


(3) 


A right C-module category Ad gives rise to a left C-module category Ad°^ with the 
action given by (jl]) and associativity isomorphisms m^vM ~ it^m*y*x for all X,Y E 
C,M G Ad. Similarly, a left C-module category Ad gives rise to a right C-module category 
Ad°^ with the action given via ([S]). Here *X denotes the left dual object and X* the right 
dual object for X G C. If Ad is a (C, P)-bimodule category then Ad°^ is a (P, C)-bimodule 
category and (Ad°^)°^ = Ad as (C, P)-bimodule categories. 

XW^M = MWX (4) M®°^X = X*®M (5) 
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For a C-P-bimodule functor : M. ^ M the P-C-bimodule functor °'pJ^ : 

—)■ °PM is given by o o aj^^. Here F* : Func(A/', C) —)■ Func(A^,C) is 

given by J^*{G) = G o and a is the equivalence proved in [11], Lemma 4.3] and given 
by : M. KIc —)■ Fun(A/”, Al)c, o'(M N) = M®Hom_yy(—, iV). If is an 

equivalence, it is = — o and consequently: 

A (C, P)-bimodule category M. is called invertible [S] if there are equivalences of 
bimodule categories 

M°P mcM^V, M^v M°P ~ C. 

The group of equivalence classes of exact invertible module categories over a hnite tensor 
category C is called the Brauer-Picard group. It was introduced in [9] and it is denoted 
by BrPic(C). 

One-sided C-bimodule categories. When C is braided with a braiding $, then 
every left C-module category is a right and a C-bimodule category: = X®M with 

the isomorphism functors rn^M xy • M^{X ® H) —> {M®X)®Y dehned via: 

_ TTljyf -y- _ _ 

A/0(x (g) Y) - 


iX(S)Y)^M ---—- ^{Y®X)®M - ■. - ^Y®iX®M), ( 6 ) 

see [G] Section 2.8]. Moreover, the C-bimodule associativity constraint is given by: 
{X®M)®Y -^ 


Y®{X®M)——. — ^{Y®X)®M^ - -^{X®Y)®M — - ^X®{Y®M) (V 

for all X, y ® C,M ® Xi. The C-bimodule categories obtained in this way are called 
one-sided C-bimodule categories. We denote their category by C^'’-Mpd. We have that 
(C^’’-Mpd, KIc, C) is monoidal. 

For a braided hnite tensor category C we denote by Pic(C) the monoidal category 
(Pic(C), Klc, C) of exact invertible one-sided C-bimodule categories. The Grothendieck 
group of Pic(C) - the Picard group of equivalence classes of exact invertible one-sided 
C-bimodule categories - is denoted by Pic(C). It is a subgroup of BrPic(C), [Q] Section 
4.4], [HI Section 2.8]. Moreover, Inv(C) will denote the group of isomorphism classes 
of invertible objects in C (objects X such that there exists an object Y E C such that 
X ^Y = I = Y X). The inverse object of X we will denote by X~^. The product is 
induced by the tensor product in C. If C is braided Inv(C) is an abelian group (in two 
ways). 

In m Proposition 4.2 and Proposition 4.7] we proved that given a C-bimodule category 
M its left and right dual objects in the monoidal category of C-bimodule categories 
(C-Bimod, C, Kl^) are and respectively. The corresponding dual basis functors 
are given as follows. 

ev : j\4 Xi°^ —> C and coev : C —)■ A4°^ KIc Ai 
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where ev(M KIc N) = Hom_yvi(M, N) and coev(I) = ©igjWi Klc Vi is such an object in 
J\4°P KIc M that Idx = 0ipj HoniA ^(—, Wi)<^Vi. Similarly, for 

ev : °PM ^cM^C and cdev :C -^M Me 

one has: W7{M N) = Hom_A 4 (iV, M) and coev(/) = ©jgjV hV is such an object in 
A4 Klc that 

Idywi = ©iGjV©Hom;K(-, Wi). (8) 

Here Hom A ^fM, N) and Hom;K(M, N) are inner horn objects in C determined as follows: 
HomA ^fM, —) : ^ C is a right adjoint functor to —©M : C —)■ Ai, and Hom_A/((M, —) 

is a right adjoint functor to M®—. We also proved that if Ai is an invertible C-bimodule 
category, the evaluation and coevaluation functors are equivalences. Moreover, if C is 
symmetric, the left and the right dual objects coincide: Ai°^ = °^Ai. We also have: 

Corollary 2.1 ni\ Corollary 4A1] For a symmetric finite tensor category C and Ad G 
Pic fCj, it is ev“^ ~ coev. In particular, it is Wi) = I. 

Corollary 2.2 1771 Corollary 3.3] If C is a symmetric finite tensor category, then every 
C-bimodule category Ai is a one-sided C M C-bimodule category. 

As we commented after m Corollary 3.3], for a symmetric hnite tensor category C 
we have: 


Ad gCB imod AdGCKC-Mod AdGMod-CKlC (9) 

and moreover Ad is a one-sided C Kl C-bimodule category. 

For any hnite tensor category C, in order to simplify the notation we will often write: 
Xi • • ■ Xn for the tensor product Xi ® ... ® Xn in C. We will write an object X G C^” 
as X = X^ IE IE • ■ ■ IE X”, where the direct summation we understand implicitly. The 
category C®” is a hnite tensor category with unit object and the componentwise tensor 
product: (X^ E X^ K ■ ■ ■ E X”) 0 (V^ E ^ ■ E V’") = XiVi E ■ ■ ■ E X„W. 

For a braided (symmetric) hnite tensor category C the category C®” is a braided 
(symmetric) hnite tensor category for every n G N. If C is braided, every left C^^-module 
category is a C^^-bimodule category so we may consider the Picard group Pic(C^"'). We 
proved: 

Proposition 2.3 [HI Proposition 3.4] For a symmetric hnite tensor category C the cat¬ 
egory (C^^- Mod . Er, C) is symmetric monoidal. 

Consequently, for a symmetric hnite tensor category C the Picard group Pic(C^"’) is 
abelian for every n G M. The main result of our previous paper is: 

Theorem 2.4 /771 Theorem 8.2] Let C be a symmetric finite tensor category. There is a 
long exact seguence 

1 ^ H\C, Inv) ^ H\C,'^) ^ H\C, Fic) (10) 

^ H^C, Inv) ^ H^{C, Eip) A H\C, Pic) 

^ H\C, Inv) ^ H^{C, ^) A HfiC, Pic) 

74 ^ 


6 















In Section [5] we will recall the construction of the category Pic(C). The following will 
be useful throughout the paper: 

Lemma 2.5 1771 Lemma 2.1] Let C and V be finite tensor categories. Given a right 
C-module category M, a left C-module category M', a right V-module category Af and a 
left V-module category Af, there is an isomorphism of categories: 

(A4 Kc M') K (Af Mv Af) ^(AA^Af) Mcmv (M' K Af). 

Lemma 2.6 fTl] Lemma f.O] Let fF^Q -. AA —> Af be V-C-bimodule functors and let V 
be an invertible C-bimodule category. 

1. It is f Me Idp = Q Me Idp if and only if fF = Q. 

2 . ifn-.v ^ c is a C-bimodule eguivalence functor, it is IF Me H = Q Me H if and 
only if f = Q. 

Now we prove: 


Lemma 2.7 Let C be a finite tensor category and A4 an exact C-bimodule category and 
let a : AA 
Then: 


C be a C-bimodule eguivalence. Define a' = ev{idop_x 4 Me a ^) : °^AA —)■ C. 


1. ev = Me a as right C-linear functors. 

2. af = (°^a)“^ as C-bimodule functors. 


Proof. Take M e °pAA and N & AA. 1). Observe that a^ is the composition: 


We compute: 


a 


t = (opM ~ °PA4. Kr C 




^PJA Me AA 


ev 


C). 


(af Kc a)(M Kc N) 


af(M) Sca(Ar) 
ev(M KIc a“^(/)) KIc a{N) 
ev(M KIc a“^(/)®a(A^)) 
^{M Me a-\l ® a{N))) 
ev(M KIc N). 


In the third and the fourth equality we used that ev, respectively a is right C-linear. 
The second claim follows by Lemma [2.61 from the parts 1) and 2). □ 


2.1 Tensor product of bimodule categories as a braided monoidal 
category 

In [11] we introduced Amitsur cohomology associated to Deligne tensor powers C^"^, which 
is a braided monoidal category if so is C. In Subsection 15.21 we will want to consider 
Amitsur complex assotiated to Deligne tensor powers of the form (C KI For this 

purpose let us see how the braided monoidal structure of such a category looks like. 
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Lemma 2.8 Let V be a C-bimodule category which is a left and a right C-module category 
through two tensor functors a,T : C —> V, respectively. Suppose that V is braided. Then 
P KIc P zs a braided finite tensor category. 


Proof. We define the tensor prodnct □ between two objects D D' and E E' in 
P KIc P as follows: 

{D Kc D') □ {E Kc E') := DE □ D'E' 

(or, what is the same, so that the following diagram commntes: 


vm!) y.vmv 

0 

VMV - 


n X n 


n 


P Klc P X P KIc P 

□ 

- ^P^cP-) 


In order to see that this is a well-dehned operation, we need to check that it is C-balanced 
at two places, so that 


{{D(^X) Kc D') □ (E Sc E') = {D Sc {X®D')) □ {E Sc E') 


and 

{D Sc D') □ {{E®X) Sc E') = {D Sc D') □ {E Sc (X^E')) 
for all X & C. We will consider the corresponding isomorphisms dehned as follows: 

bD,X,D' 


((h)0X) Me D')[I]{EMc E') 


Dt{X)E Me D'E' 


D <S> ^r(X),E I^C P'E' 


and 

(D Me D') □ {{E®X) Me E') 


DEt{X) Me D'E' = DE Me o{X)D'E’ 


'^E,X,E' 


-- {D Me {XmD'}) □ {E KIc E') 

DEt{X) Klc D'E' = DE KIc a{X)D'E' 
-- {D Me D') □ {E Me {X®E')) 


( 11 ) 


DE KIc ^tj{x),D' 0 E' 


DE D'a{X)E'. 


( 12 ) 


We only show that the isomorphism b£),x,D' satishes the coherence diagram ([2]), the check 
for bE,x,E' is done similarly. For this pnrpose we shonld prove that 


Dt{XY)E He D'E' 


Dt{X)t{Y)E He D'E' 

DpiyX'j (§) ^t{y),e D'E' 

DriX)E (j{y)D'E' -- 

D®^riX),. 


He D'E' 

DE He a(XY)D'E' 
DE He ojo- (g) D'E' 

-- DE He a(X)a(Y)D'E' 

mca{Y)D'E' 


commntes. This turns out to be fulhlled, as we have: 

t{XY)e t(XY) e 



E <^X) E <^X) 
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(here the empty circle denotes that r switches to a because the corresponding object from 
C passes to act from the other side of KIc). The associativity constraint on P lEc "P is 
induced by a a, where a is the associativity constraint for "D. Then it is clear that 
P lElc P is a monoidal category. 

The braiding T in P P between two objects D lEc D' and E E' is given by the 
following morphism in'DM q'D-. 

[D Kc D’) □ {E Kc E’) --- {E Sc E') □ [D D') 

DEMcD'E' -^-=- ^EDMeE'D'. ( 13 ) 

We have to check that T is a C-balanced natural transformation at two places. This 
means that two coherence diagrams like ([3]) should commute, one of which we show and 
it is the following: 


{{Dt{X))EMc D'E' 

^Dt(X),E ^D',E' 

E{Dt{X)) E'D' 


DE {(t{X)D')E' 

^D,E ^a(X)D',E' 

ED Me E'{a{X)D'). 


with b and b from (ITT]l and flT^ . respectively. It commutes indeed, since: 


D t{x)e d' e' d t(^)e d' e' 



E D E' D' E D E' D' 


by a braiding axiom. The braiding axioms for T follow by those for $ in "D. 


Remark 2.9 Similar structures to the ones presented in the proof of Lemma 12.81 were 
considered in [5] and HI. Recall that given a braided monoidal category D the Miiger’s 
center category V is a braided sub category of D such that for all M E V and all 
D eD the braiding $ of P is symmetric when acting between M and D, that is: ^m,x = 
[ISl Dehnition 2.9]. Another term used in the literature for such objects (of V) 
is that they are transparent, (see [1]). In Lemma [2.81 we do not require that the functors 
a and r factor through the Miiger’s center category V, that is that $ be symmetric when 
acting between t{X), for every X E C, and any D eD (and the same for a). 


3 Some equivalences of categories of functors 

The next result can be seen as a special case of m Proposition 4.5]. Suppose a hnite 
tensor category is a left C-moduIe category via a monoidal functor rj : C —)■ as in 
([T]). Then —MqS has a right adjoint Fun(T, —~ Id : Mod-T —)■ Mod-C. Given a 
right £^-moduIe category A, the category Fun(£^, ~ A, is a right C-moduIe category 

via the left C-module structure of £ (by {E®X){E) = E{X®E) for E E Fun(£^, A,)^: and 
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X E C,E E £), that is, via rj \ C 8 . Otherwise stated, A E Mod-£^ is a right C-module 
category via A^C = A'^t]{C), for A E A, C E C. We denote this C-module by G{A). 
This right adjoint functor Mod-C —> Mod-C we will call the restriction of scalars functor. 

By the notation X : C —> V : Q we will mean that a functor X is left adjoint to Q. 

Corollary 3.1 Given a functor of tensor categories rj : C — > 8 , there is an adjoint pair of 
functors X = —^c 8 : Mod -C —?■ Mod -8 : Q, where X is the induction functor and Q the 
restriction of scalars functor, so that there is an isomorphism of X-X-bimodule categories: 

Fun(AA Kc 8 , A)£ = Fun(AA, g(A))c 

for every Af E P-C-Bimod and A E J^-C-Bimod. 

Given a right C-module functor H : J\f —> G{A), a right 8 -module functor "H 
—> A is given by 

n{N Kc E) = UiNf^E = H{N) E 

for every N E Af, E E 8 . 

Definition and Lemma 3.2 /ill Definition and Lemma 5.2] Let X :D —> C be a tensor 
functor. 

• Given another tensor functor Q : D' —> C and aC-bimodule category AA, the category 
j-AAg egual to AA as an abelian category with actions: 

X®M®X' = X{X)®M®g{X') 

for all X E'D,X' eV and M E AA is a V-V'-bimodule category. 

• If TL : C —> 8 is another tensor functor and AA is a left 8 -module category, then 
there is an obvious eguivalence of left V-modules categories: 

j-C Klc- hAI ~(15) 

Let e] : C®” —)■ with i = 1, - ■ ■ ,n -\- 1, denote the tensor functors that we 

introduced in [a Section 5] and which are given by: 

e]{X^ K K S S K W K K X” (16) 

Let us now consider rj = e] :CKIC —)-CKICKIC,i = 1,2,3 in Corollary 13.11 and let us 
write the corresponding adjoint pair of functors as {Xi,Qi). Denote by AAi = Xi(AA) = 
AA KIckic e ?(8 ^ 8 ^ 8 ) for * = 1)2, 3. In particular, an object in AA 3 is of the form: 

MKcKCe§(A^KX2KX3) = M®(X^^X^)^cm^ 2 (I^I^X^) ^ (M®(X^ KX^)) KX^ 

for some Af E AA, X^, X^, X^ E 8 . Therefore, AA 3 ~ Af KIC. Similarly, an object in AAi 
is of the form: X Kl Af for some X E 8 , and AAi ~ C Kl Af. 

We will also denote: Mi = (Af for some M E AA and i = 1,2,3. In 

particular, 

M3 = MMcm and Afi = A1 Kckc e 2 (^ Kl / Kl/) = / K Af. 


: Afmc8 
(14) 
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To simplify the calculations in the following lemmas we introduce the Sweedler-type 
notation. For a functor H \ A4. —)■ M.Mc M. and M E M we will write: 

H{M) = M(i) KciVf(2), 

where the direct sums are understood implicitly. 

Lemma 3.3 Let C be a symmetric finite tensor category and let Ai G CKIC-Mod. There 
is an isomorphism of categories 

Fun^; (^jAl , j\/l = Fun^Bis {A42, Adf). 

The functor H corresponding to the functor H G Func(A^, Ai)c, with H{M) = 

M(i) KIc M( 2 ) is given by the formula: 

= Tf(i)3 KI(^®3 M(2)i- 

Proof. Observe that the property dH]) applies. First we will show the isomorphism: 
^ 2(-^3 Ail) = Ai Ai. We consider as a C-bimodule category, with its 

left and right C Kl C-module structures as in [IB Proposition 3.1]. Then Aii are (one¬ 
sided) C Kl C C-bimodule categories. Let A : Ais ^ Aii Ai^c Ai he dehned by 
A{{M Kl X) Kl (F N)) := {Y®M) lEIc {N®X). Let us show that it induces a functor 
A : Ai 3 IE1(.bi3 Ail Ai Me Ai. For this, we need to check if A is C^^-balanced, that is, 
that there is a natural isomorphism between 

S := A (((M K X)®{Z^ K K Z^)) K (F K N)) 

and 

VL-.= A {{M K X) K {{Z^ K S F^)0(F K N))) 

satisfying condition ([2]). We hrst note that {MMX)®{Z^MZ‘^MZ^) = {MZi{Z^MZ‘^))M 
{X ® Z^) = {Z^®AmZ^) M{X® Z^) and (F^ S F^ S F3)^(F MN)^ (F^ (g) F) K ((F^ K 
Z^)^N) = (F^ (g) F) Kl (F^^A^F^). Now we have: 

S = A{{Z^®M^Z^)M{X ^ Z^))M{YMN)) 

= {Y®{Z^®M®Z‘^)) Kc {N®{X ® Z^)) 

= {{Y ®Z^)®M)Mc{{Z^®N)®{X®Z^)) 

and 

n = A{{MMX)M{{Z^ ®Y)m{Z'^®N®Z^))) 

= ((F^ (g) Y)®M) Kc {{Z‘^®N®Z^)®X) 

= {{Z^ ®Y)®M)Mc{Z^®N®{Z^ ®X)). 

We dehne the wanted isomorphism hMsx,z,YMN between S and O as: 

T(((M K X)®Z) K (y K N)) - ^mmx.z.ysn -^ K| X) K (F®(F M N))) 

(y®(Fi®M®F2)) Kc (g) Z^)) —-- ((Fi g) Y)mA Kc {{Z^®N®Z^)®X) 

Kl Id M^X,Z3 


11 






where Z = M Z^. In the coherence condition ([2]) the left and right associator 

fnnctors that are to apply are and dehned in [TTl Proposition 3.1]. Apart from the 
compatibilities of the left, right and bimodule associators, the coherence condition comes 
down to: 


Y X 



Y z^w^ 



Z^W^ Y 


X 



W^Z^ X 


where W = Kl Kl is another object from This identity is fulhlled by 

naturality. 

The functor B : M.M M. ^ AT 3 IEIchs Adi given by B{M ^ N) = M 3 Ni induces 
the functor B : Ad KIc Ad Ai 3 IEIchs Adi. To see that B is C-balanced, observe that 

the identity B[[MZ>X) Kl N) = Kl X Kl /) KIchs Ni = M3 KI^bis (J KI X KI I)Z>Ni = 

B{M 0 (X®X)) satishes condition ([ 2 ]) as the identity functor on Ad 3 Mi is 
balanced. Now, we easily see that A{{M Kl X) {Y Kl N)) = {Y ®M) [N®X) and 

B{M KIc N) = (M Kl I) (/ 13 N) are inverse to each other: 


'BA{{M K X) Kc® (r 3 X)) = B{{Y®M) Kc {N®X)) 

= {{Y®M) K I) (/ 3 {N®X)) 
= (MMX) (Y 3 N) 


and 


ABiiMMcN) = A((M'3/) 3c® (/3X)) 

= {I®XI) 3c {N®I) = M 3c X. 

On morphisms we dehne A as follows. Let / : (M3X)3c® (X3X) —)■ (M'3X')3c® 
(Y' 3 X') be a morphism in Ad 3 3c® Adi. Then A{f) = ao f o (3 \ {Y®M) 3c (X®X) 
^ {Y'®M') 3c {N'®X') - here a : (M' 3 X') 3 cH3 {Y' 3 X') ^ {Y'®M') 3c (X'®X') 
is given by a{{m' 3 x') 3c® {y' 3 n')) = {y'®m') 3c {n'®x') and {3 : {Y®M) 3c {N®X) 
(M 3 X) 3c® (Y 3 X) by f3{{y®m) 3c {n®x)) = (m 3 x) 3c® {y 3 n), with x G 
X, x' e X\y e y, y’ eY',m e M, m' G M', n e N,n' e X'. 

On the other hand, B is dehned on morphisms as follows. For / : M3cX —> M'3cX' 
a morphism in Ad 3c Ad we dehne B{f) as the composition: 

A/3 --—--Afj Nj 

(7®M) Klc (N®/) , „ -- MMcN - M' Kc N' —--M') (M0/) 

Im^ct-n J lj^\ KIc rA 

where aj^ and are obvious maps arising from a and (3 with X = Y = I. 

Then Ad 3c Ad and Ada 3 cbi3 Adi are isomorphic as abelian categories. Let us see that 
A is an isomorphism of C-bimodule categories, where Ads is seen as a C-bimodule 

category through X 2 '■ Mod-C^^ —?■ Mod-C^^. For this purpose observe the isomorphism 
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Sc defined via: 


A{C^{M K X) {y ^ N)) 


C^A{{M K X) ^c® {y ^ N)) 


Y®{C®M) Klc {N®X) 
(m})-^ Kc Id 

((r 0 C)0M) Kc {N®X) 


{C®{Y(S)M)) Kc {N®X) 
KIc Id 

{{C(S)Y)m^) (N^X) 


The check that it satishes the coherence for a left C-linear functor conies down to: {C ^ 
^y,d){^y,c^D) = ^y,c^d, which is fulhlled by an axiom for the braiding. (The rest in the 
coherence check holds by naturality and the coherence of the left associator functor mb) 
The proof that A is right C-linear is similar. This yields that — -M Me A4 

as C-bimodule categories. 

Finally, the adjunction J ^2 = — Klc^ic ■ Mod-C^^ —?■ Mod-C® : Q 2 yields that 

there is an isomorphism: 

Fun(;(7Vl, AA AA'je — Fun(;(7Vl, G2(,AA^ AA.i)')e 

= Fun^Bis (J^2(-^)5 A^3 -^ 1 ) 

= Fun^Bis ( 7 VI 2 , .A /13 AAi^. 


In particular, given a C-bimodule functor H : M. —> AA Me A4 and M ^ AA, we have by 
f[TT|) that H{M 2 ) = B{H{M)) = M(i )3 Klc ®3 M{ 2 )i- Since H is C'^^-linear, it extends to 
all AA 2 (an arbitrary object in AA 2 is of the form: M = M KIckic ® = 

M 2 ®{X^ K K X 3 ), so H(M) = H{M 2 )®{X^ K K X^)). □ 


Lemma 3.4 LetC he a symmetric finite tensor category and let AA G CKIC-Mod. There 
is an isomorphism of categories 

Fun^; (^AA , AA AA AA'je — Fun^Ki 4 (XI 23 , XI 34 KI^bi4 XI 14 K^ei4 AA 42 )• 

Given H G Func(Xl,Xl KIc AA Klc AA)e, with H{M) = M(i) Sc ^( 2 ) dT( 3 ), its corre¬ 

sponding functor H is given by: 

H{M2‘i) = M(i)34 Sc®4 M(2)14 KIc®4 M(3)i2. (18) 

Proof. As in the proof of Lemma 13.31 one proves that A : XI 34 Scki 4 XI 14 Scki 4 XI 12 
AA Me AA Me AA given by 

A{{MMXMY) ScB4 {X'MNMY')Mem {X"MY"MP)) = 

{{X" (8) X')®M) Sc {Y''®N®X) Sc {P®{Y ® Y')) 


and 


B : AA Sc AA Sc AA —^ X^34 ScK 4 X^i4 ScH4 X^i 2 


given by 


B{M Sc N Sc P) := M 34 -A^14 K(^KI4 P\2 
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are well-defined C-bilinear functors inverse to each other, where A^34 KIcbi4 M 
Mu is a C-bimodule category through J^23 • CMC —> C M C M C M C. Observe that 
J ^23 = - Kc® e3(C^") = - (eioe3)(C^") : Mod-C^^ ^ Mod-C^h Then 

jAd VI Kc VI — ^23 (VI 34 KI^ei4 V^i4 K^ki4 •''^12) 3-8 C-biniodule categories and by the 
adjunction (V23, ^23) we have the isomorphism: 

Func(Vl, VI KIc VI KIc Vl)c — Func(Vl, ^23(Vl34 ^ 1^814 Vli4 ^ 1^814 Vli2))c 

= Fun0H4 (V23 (VI) , VI34 K^H4 VI14 Ki;EI4 VI12) 

= Fun^H4 (V 123 5 Vl34 K(iEI4 VI 14 K(iEI4 VI12)- 

By flTdl) . if id e Func(Vl, M.McM.McM)c^ its corresponding functor H in Fun(jH 4 (Vl 23 , 
Vl34lElcH4 VI 14^10814 VI12) is given by H(M 23 ) = B(H(M)) which extends as a C^Fmodule 
functor to all VI23 and we get fITSD . □ 


4 Comonoidal categories and coring categories over 
finite tensor categories 


Let k be an algebraically closed held and let €k denote the 2-category of (small) hnite 
abelian categories. We will denote by vec the category of hnite-dimensional /c-vector 
spaces. Then {€k,^,vec) is a symmetric monoidal 2-category (|2ni Lemma 2.6], [T71 
Proposition 2.9.10, Ejercicio 2.9.8]). We also have that given a hnite tensor category C 
the 2-category of C-bimodule categories (C-Bimod, KIc, C) is a monoidal 2-category, [131 
Theorem 1.1]. We will consider their truncations to usual monoidal categories. 

Comonoidal categories were introduced in [201 Chapter 3]. A hnite abelian category C 
is comonoidal if there are d-linear functors A : C —)■ CMC and e : C —> vec with natural 
isomorphisms: 

a : (Idc MA)A -> (A K Idc)A 
l:{eM Idc)A ^ Idc 
r : (Idc Kl^) A —Idc 
which satisfy 2 coherence diagrams: 

fCKIalA (CKIAKIC)a 

(C K C K A)(C K A)A (C Kl A K C){C K A)A i - V (C K A K C)(A M C)A 

(CKlCKIA)a (aKIC)A 

(A ^ A) A- (A^C^d)a -^ (A ^ C ^ C)(A ^ C) A 


and 


(C Kl (£ K C)){C K A)A (^ ^ g ^ (((^ ^ ^ K C)A 


(C l)A' 



1C)A 


A 


In other words, a comonoidal category is a coalgebra object in the monoidal 2-category 
((rfc,Kl,nec). 

The coherence theorem for comonoidal categories holds, see [U Theorem 3.1]. We 
generalize the above dehnition: 
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Definition 4.1 Let C be a finite tensor category and A an abelian finite category. We 
say that A is a comonoidal C-category if there are C-bimodule functors A : .4, —)■ A^c A 
and e A —> C with C-bimodule natural isomorphisms: 


a (Ici_4 KI^A)A —y (A Id_4)A 

/ : (e Kc Id^) A Id^ 
r : (Id^ A —)■ Id^ 
which satisfy 2 coherence diagrams: 


(A Klc A Klc A){A Sc A) A (■d^ca)A ^ A) A ^ 


{A Sc 4 Sc A)a 
(A Sc A)A- 


and 


(A Sc A Sc A)a 


(A Sc (e Sc A)){A Sc A)A (-^ A)a 


(a Sc 4)A 
■ (A Sc v4 Sc 4) (A Sc -4.)A 


{A ScdA 


(r Sc 4) A 


Otherwise stated, a comonoidal C-category is a coalgebra object in the monoidal 2- 
category (C- Bimod, C). 


Example 4.2 Let C be a finite tensor category, take an invertible C-bimodule category 
AA and consider A = Can(A/'; C)c = °^ff Kl ff with the C-bimodule functors A : °PJ\f K1 J\f 
-A- lEl M) KIc {°PAf Kl J\f) ~ °PAf Kl C Kl A/" and e : MM ^ C given on objects as 

follows. Let A(M K1 A) = M Kl coev(/) K1A = MKI/KIA and let £ be the composition: 

°pmmm ^ ► °pMM ^^C 

which is given by e{M M N) = Hom_A/(A, M). On a morphism f : M M N -A- M' lEl N' in 
Mi MM we define A(/) = /2 : MMIMN —)■ M'MIMM'. We lack of the definition of e on 
morphisms: e{f) : }lomj./{N, M) —> Hom_/y(A', M')). Let us see that (up to the lack of 
the definition of the functor £ on morphisms) Can(A/'; C)c is a comonoidal C-category. For 
the coassociativity of A the associativity isomorphism a : (Id^KlcA)A —)■ (A KIc Id^)A 
for every M M N & °pM KI AA is a morphism in MM Kl MM^: 

a{MMN) : ^{MMVi)Mc{{WiMVj)Mc{WjMN)) -A ^{{MMVi)Me{WiMVj))Me{WjMN) 

j€J i&J 

ieJ j&J 

induced by the canonical associativity equivalence, which clearly satisfies the pentagon 
axiom. The natural isomorphism r : (Id^ Klc£) A —Id^ is given by the identity functor, 
because of ([8]). In other words, r is identity because of one axiom for the dual object: 
{M KIc ev) (coev KIc M) = Idj\^. On the other hand, the natural isomorphism I : (£KlcId^)A 
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—)■ Id^ is identity because of the other dual object axiom: (ev KIc KIc coev) = 

Hop at, as we see here: 

--(“PAfKAf) Kc ^ CMc°PAfMAf 



Here the inner diagrams (1) and (2) commute by the dehnitions of A and e, respectively, 
and the triangle (3) commutes by the latter axiom for the dual object The com¬ 

patibility condition for a, I and r is easily proved, as well as that they all are C-bimodule 
natural isomorphisms. 

Similarly, there is a structure of an (almost) comonoidal C-category on Canc(A/';C) = 
J\f Kl induced by the functors coev and ev (up to the lack of the dehnition of the 
counit functor on morphisms). 

In the particular case when J\f = C in the above example, we obtain indeed a 
comonoidal C-category (with properly dehned counit functor). 


Lemma 4.3 For any finite tensor category C the category A = C ^ C is a comonoidal 
C-category with the functors A : CMC —)■ {CMC) Me {CMC) CM CMC and e : CMC 
—> C given by 


A(A K F) = (A K J) Kc {I ^ y) and e{^XMY) = X (^Y 


on objects and A(/) = f 2 : X M I MY —> X' M I MY^ and e{f) is the induced morphism 
between X ®Y ^ X' ®Y' , for f ■. X MY X' MY' . 

Proof. The tensor product functor of C is biexact, hence it induces a well-dehned functor 
® ■. CMC —> C given hy X MY ^ X ®Y . Thus e{f) is given by the commuting diagram: 




£^(/) 


X'®Y' 



X^Y -^-- X' K Y' 


The functors A and e are directly proved to be C-bilinear. For the coassociativity we 
hnd: (A Kc id) A(A K F) = A(A K I) Kc (IMY) = {XM I) He (/ H I) He (/ H F) and 
(idHeA)A(AHF) = (XHJ) HeA(/HF) = (AHJ) He (/HI) He(/HF), for X,Y eC. 
Then the natural isomorphism a is the identity. For the compatibility with the counit 
functor we hnd: (e He id) A(A H F) = e(X MI) Me (I MY) = (X ^ F) Me (IMY) = X MY 
and (id Hes) A(A H F) = (A H J) He e(I H F) = (A H J) He (/ (8) F) = A H F. So we may 
take the natural isomorphisms I and r to be identities, then all the coherence diagrams 
are trivially satished. The rest of the proof is direct. □ 


We will be interested in the following: 
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Definition 4.4 Let C be a finite tensor category and A an abelian finite category. We say 
that A is a C-coring category if A is a coalgebra in the monoidal category (C- Bimod, KIc, C). 

That is, if there are C-bimodule functors A : .4, —?■ .4, .4, and e ■. A —> C with 

C-bimodule natural isomorphisms: 

a : (Id^ KlcA)A —^ (A Kc A 

l:{eMc Id^)A^Id^ 
r : (Id^ Kce) A —Id^i. 

Definition 4.5 A functor of two C-coring categories Ai and A 2 is a C-bimodule functor 
F : Ai —> A 2 with two C-bimodule natural isomorphisms 

7 ; A 2 o F —)■ (F KIc F)Ai and 6 : 62 ° F —> ei. 

Example 4.6 The objects Can(AA;C)c and Canc(AA;C) from Example 14.21 are examples 
of almost C-coring categories (up to the lack of the definition of the counit functor on 
morphisms). If we consider them without the counit “functor” e, we will call them 
canonical guasi C-coring categories. The structure discussed in Lemma [4.31 we will call a 
proper canonical C-coring category. 

5 Amitsur cohomology over symmetric finite tensor 
categories 

Let us recall first the definition of the Amitsur cohomology groups for a symmetric finite 
tensor category C that we introduced in m Section 7]. 

Let P be an additive covariant functor from a full subcategory of the category of 
symmetric tensor categories that contains all Deligne tensor powers of C to abelian 
groups. We define = k. Then we consider 

n+l 

Sn = ^(-l)*"^F(en : F(C®”) F(C®(^+b) 

i=l 

where ef : —?■ for i = 1, • • • , n -|- 1 are the augmentation functors from flTB]) : 

ef{X^ Kl ■ • ■ Kl X"') = KI---KIJKIX*KI---KI X”. One proves that 5n+i o (5„ = 0 is 
fulfilled, so we obtain a complex: 

0-- F(C) F(C^2) F(C®^) • • • 

which we call Amitsur complex C{C/vec, P). We set: 

Z^{C,P) = Kei 6n, B^{C,P) = lm6n-i and H^{C,P) = Z^{C,P) / B^{C,P) 

and we call the latter the n-th Amitsur cohomology group of C with values in P. Elements 
in Z"‘{C,P) and B^{C,P) are called n-cocycles and n-coboundaries, respectively. 

We now prove: 
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Proposition 5.1 Let F : C — > V he a. functor between two symmetric finite tensor 
categories. Then F induces group maps F* : —y H"-(T>,P). If G : C —> V is 

another symmetric tensor functor, then F* = G* (for n > 1). 

Proof. The functor F induces the functor F” ; given by F"'(X^ Kl ... lEl 

X") = F(X^) Kl... Kl F(X"’). It is a monoidal functor with the tensor functor structure 
: F"(X©F) ^ F^{X)qF^{Y)Jot X = G 

given by: 

F"(X 0 Y) --- F"(X) 0 F"(y) 

F{X^Y^) K K F(X"y")-^^. F{X^)F{Y^) K K F(X")F(y") 

where f-- : F(—©—) —)■ F(—)©F(—) is the monoidal structure of F. Set F'^”) = P{F^) : 
F(C^”) —)■ F(F^"') and F' : C{C,P) —)■ C{V,P) for the map induced on the Amitsur 
complexes. Then F* : H^{C,P) H^{V,P) is given by F*([X]) = [F'("')(X)]. The 

proof that F* = G* is analogous to that of HSl Prop. 5.1.7]. We prove that the induced 
maps on the Amitsur complexes F',G' : C{C,P) —> C{F,P) are homotopic. Recall that 
a homotopy between F' and G' is a collection of maps : C'^~^^{C,P) —)■ C^{V,P) 
such that o o = G'^") - F'("), where : F(C^’^) ^ p{C^G+i)) and 

: F(F^G-i)) ^ F(F^"). 

For every i G {1,... ,n} we dehne 9^ '■ C^G+i) —s. to be the functor given by 

K S X"+^) = F(X^) K ■ ■ ■ K F(X*)G(X*+i) K S G(X"+i). Here the product 
F(X*)G(X*'''^) obviously is the tensor product in F. Let us see that 6*" is a symmetric 
tensor functor, with the tensor structure: (Pxy • © R) —)■ 9^{X) © 9f{Y) given by: 


e^X 0 Y) 


n,i 

Cy 


X,Y 


©r(A)0 07(y) 


F(AWi) F(AWOG(A*+iW+i) K G(A"+W"+i) 

■ ■ Ki 0 c ) ^ ^ C 

F(Ai)F(yi) K ■ ■ ■ K1 F(XOF(yOG(X*+i)G(W+i) K1 ■ ■ ■ K G(A"+i)G(y"+i) 
\^Id (Id 0 ■ • • 0 0 ■ • • 0 Id) 01 ■ ■ • 01 Id 


F(Ai)F(yi) 0 ■ ■ ■ 0 F(X*)G(A'+i)F(W)G(y*+i) 0 ■ ■ ■ 0 G(A"+i)G(y"+i) 

(19) 

where <F is the braiding in F. To prove that (P^y dehnes a monoidal functor structure on 
6*" one uses the properties of the tensor structures of F and ^ of G and the properties 
of the braiding. The parts where only F (or only G) appears will work since F (and G) 
are braided monoidal functors, that, is, f and are compatible with the braidings of C 
and F. We only show here the part of the check that is affected by the braiding (where 
F(—) and G(—) interchange their places), which comes down to check that S = F in 
the computation bellow. In this part <F acts on the components i and i + 1 of objects 
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X,Y, Z G C^'^. To simplify the notation, in the computation that follows we will identify: 
X = and X' = by abuse, where X* actually denotes the Tth component of an 
object X G and similarly for F, Z G We hnd: 


F{{XY)Z) G{{X'Y')Z') 
TxY,Z \\tx'Y',z\ 


F((XY)Z) G((X'Y')Z') 


E = 



F(X) G(X') F(Y) G(Y') F(Z) G(Z') 



«,C 


F{X{YZ)) G{X'{Y'Z’)) 


F{X{YZ)) G{X'{Y'Z')) 



nat.^ 



= Q. 


F{X) G{X') F(Y) G(Y') F{Z) G(Z') 

To prove that d'l is a symmetric monoidal functor, we should check if 


enxQY) 

en^) 

0"(F0X) 


0"(x) 0 eUY) 

^e^{x),e'^{Y) 

eUY) 0 enx) 


commutes, where cjy is the composition in the left hand-side of the diagram flTU]) . As 
above, the parts of the Deligne tensor powers in this computation where only F or G 
are present work since these are braided monoidal functors, let us see the places in the 
computation where F{—) and G{—) interchange their places. We hnd: 


F(X'Y') G(V“+iy“+i) 

I f(^c) ircpwi 


^,C, are braided 


F{X^Y^) G(X*+iy^+i) 

O 


F{X'Y') G(V’+iW+i) 



symm. 


F(Y') G(y’+p F(X') G(V’+i) 


F(Y') G(Y'+^) F(X') G(V‘+i) 



F{Y') G{Y^+^) F{X') G(V‘+i). 


Here we used that the category T) (its braiding <h) is symmetric. Thus 6 ^ is indeed a 
symmetric monoidal functor. 

n 

Now the desired map is given by 

i=l 

Moreover, let a” : be the symmetric tensor functors given by crj(X^ Kl 

■ ■ ■ K X") = F(X^) K S F(X*-i) K G(X*) S K G(X^) for i = 1,..., n + 1. Its 
monoidal structure is similar to that of the functor P". Then we obtain the relations: 


0 -e^ 


forj<z-2 

j = i-loT j = i 

er^e^zl 3 >1 + 1 
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Now let us prove the homotopy relation. We find: 




l<2<n+l 




3<2<n+l 


2 < 2 <n+l 

j=i-l 


+ E (-i)'+'i’k”) + E (-i)‘*"'-p(er‘«r;)- 


l<2<n 

j=i 


l<i<n-l 


The two middle sums are equal to: —P{a 2 ) — ■ ■ ■ — P(cr„+i) + P(o'i) + ■ ■ • + P{(Tn) 
P{ai) - Pian+i) = Then: 


e^^'> o + F'G) - g'G) = 


- E (-1) 



3<2<n+l 


l<i<n—1 
i<j—l<n—1 


= - E (-i)p’p{er'»rY- E (-i)p‘p(er'»rY 

2 <i<n l< 2 <n—1 

l<j<2—1 

= - E (-i)‘+'-p(er‘«r‘)- E (-i)'+'-p(er‘9r")- E (-ir^^PK-^or') 


2 <i<n-l 

^<j<n-l 




l<j<n-l 



l<i<n 
l<j<n—1 


Thus the maps F',G' : G{C,P) —?■ G{P,P) are homotopic and this clearly implies that 
the induced group maps P* and G* are equal. □ 

We will consider the cases: P = Pic, where Pic(C) is the Picard group of a symmetric 
finite tensor category C, and P = Inv, where Inv(C) is the group of invertible objects of 


C. 


5.1 On 3-cocycles on invertible objects 

We start with a more general definition: 

Definition 5.2 Let X = e The object |W| := XF .. e C is called 

the norm of X. For any cocycle we will say that it is normalized if its norm is isomorphic 
to the unit object L 

Assume from now on that C is symmetric. 

We will denote Xi = e'f{X) for i = l,2,...,?7, + l (mind the difference between upper 
and lower indeces). In particular, X G Inv(C^^) is a cocycle in Z^{C, Inv) if and only if 


\r 'v^—1 V 'v^—1 ~ 

A.iA.2 = 1 
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Given that C is symmetric, this is equivalent to: XiX^ = X 2 X 4 , which means: 

K ^ K ^X^ = X^^ K ^ S X^^ K xl 


Lemma 5.3 For [X] G Z^(C,Inv) the following hold: 

1. X^M |x|-^x2x3 ^imi= |X|-^X^X2 S X^. 

2. X is cohomologous to a normalized cocycle. 

Proof Denote X = X^ M X'^ M X^ = M M and Y = X"! = Y^MY^MY^ = 
yi K ^ The 3-cocycle condition then reads: 

x^f/V^ K u^yW^ k x^u^y^ kx^fV^ = imiMiMi. ( 21 ) 

Tensoring out the second, third and fourth Deligne tensor factors above we get: 

x^gV^ k |f| f/V^x^f/V^x^^ ^x^ s ixj-^x^x^ = IMI 

which is the hrst equality that was to prove. The second one is obtained similarly, after 
tensoring out the first three Deligne tensor factors in the 3-cocycle condition. 

For the second part, hrst note that 52(1^1”^ Kl J) = J Kl |X|“^ K1 I. The cocycle 
Xd 2 {\X\~^ Kl J) = X^ Kl |X|“^X2 Kl X^ is obviously normalized and cohomologous to X. 

□ 

5.2 Extended cocycles yield coboundaries 

In this subsection we will consider the Amitsur complex C{C^C/C,P) and we will show 
that cocycles from the complex C{Cfvec, P) give rise to coboundaries in the former com¬ 
plex. 

Let (T, r : C —D be two tensor functors. Consider a D-bimodule category A/" as a 
left C-module category through a and a right C-module category through r. Then Af is 
a C-bimodule category. If V is braided we may consider AA as a one-sided D-bimodule 
category. If, moreover, a and r are braided tensor functors. A/" is a one-sided C-bimodule 
category in two ways - via a and via r. As an example think of D = C K1 C with 
ct(X) = X K / and r(X) = / K X for all X e C. 

Suppose V is braided and Af G Pic('D). The category A/"®^ A/" is a quasi D-coring 

category similarly as in Example 14.21 We will call it a canonical guasi VfC-coring category 
and will denote it by Can(A/';D/C). Moreover, by Lemma 12.81 the category D KIc D is 
braided and Af°^ KIc A/" is a one-sided V KIc D-bimodule category. 

Now, let D = C Kl C. The n-th Deligne tensor power of C Kl C in the Amitsur com¬ 
plex C{C KI C/C, P) is (C Kl C) KIc ■ • • KIc (C Kl C) = (C KI C)®'^". The corresponding n-th 

'-V-' 

n 

cohomology group we will denote by H'^{C Kl C/C, P) for a suitable functor P. 

Observe that there is a natural equivalence: 

(C K C)®c” ~ c^{n+i) ^22) 

given by 

(X^ K F^) Sc • • ■ ® ^ ^ ® ^ 
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Lemma 5.4 For a braided finite tensor category C the above assignment defines a tensor 
eguivalence. If C is symmetric, it is a braided monoidal eguivalence of categories. 

Proof. It suffices to prove the claim for n = 2, let F : (CMC) (CMC) —)■ CMCMC denote 
the corresponding equivalence. Consider the morphism uj dehned via the commuting 
diagram: 


F (((C K D) Sc (E ^ □ ((C ^ D') Sc (E' S F'))) 


F ((CC S DD') Sc (EE' S FF')) 

F(((C' S B) Sc (F S F)) 0 F((C' S B') Sc (F' S F')) 


CC' S EE' S BB'EF' 
Id0<J>o/ F <8> Id 


(C S F S FF) © {€' S F' S B'F') 
CC' S EE' S BFB^ 


To prove that u defines a monoidal structure on F we take a third object [C" lEl D”') 

(E” Kl F") and we should check that the identity (Id ®a.;)a;,,„F(Q;) = ap^p^p{u ® Id)a;,,,, 
holds, where a is the associativity constraint in D KIc TO. Since ca for the first two objects 
is basically given by the above identity (neglecting the associativity constraint) will 

be fulhlled if we prove that: {FD'®^pii^pi){f^pip,ii p®F') = {f^pi^p®F'D''){D'®^pii^ppi). 
But this is true by the two braiding axioms and naturality. 

Let us now prove that a; is a braided tensor equivalence. Recall that the braiding 4' 
in {CMC) KIc {CMC) is given by = <1 KIc$ f[T3|) . where <1 is the braiding in CKIC, which 
is given by $ = <h Kl $, being $ the braiding in C, that is: 


(X F) 0 {X' K Y') 




{X' K Y') 0 (X K y) 


Denote by X 
check that 


(X 0 X') (y 0 Y') —- 

{C K D) Kc {E K F) and Y 


F{XY) 

F{^) 

F{YX) 


^X,Y 


^^Y,X 


V V' 

(X' 0 X) K {Y'®Y). 

= {C Kl D') Kc {E' Kl F'), then we should 
- -F{X)F{Y) 

- -F{Y)F{X) 


commutes. Observe that this is the same as: 

Id0‘I>£)',F ® Id 


CC' 0 EE' 0 BB'FF' ■ 

d 

F {{CC' 0 BB') 01c (FF' 0 FF')) 
F('l 01c 

F {{C'C 0 B'B) 0c {E'E 0 F'F)) 


■CC"0FF'0(FF)(F'F') 


^C,C' ^ ^E,E' ^ ^DF,D'F' 


C'C 0 F'F 0 B'BF'F ■ 


Id04>ci pi 0 Id 


■ C'C 0 F'F 0 B'F'BF 
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Observe that the composition of the left three vertical arrows in the above diagram equals: 
^c,c' ^ ^E,E' Kl ■ So, to check the commutativity of the above diagram, it is 

sufficient to see if {D'= ^df,d'f'{.D®^fi f®F'). Graphically 
this means that the identity 


D D' F F' 

D D' F F' 


D’ F' D F 

D' F' D F 

should hold true. Well, this is only possible if which is fulhlled if C is 

symmetric. □ 

We dehned in HD Section 5.1] monoidal functors E^, Sn : Pic(C®”) —)■ Pic(C^‘^"+^^) for 
i = 1, • • • , n + 1 by E^{M) = Mi = M and 

6n{M) = Ml KI^El(n+l) M’^ KI^Bl(n+l) • • ■ KI^El(n+l) j\fn+l 

on objects. One computes that 

^n+l^ni-M.) = (Kl(jBI(n+2))”^2 (^C®("+2))i=l i-^ij KI^El(>^+2) ■M'ij), 

hence the functor 

Aa, = (Sc^(.+2))"±|(Kc^(.+2))C^ev^,^ : <5n+l<5n(Wl) ^ 

is an equivalence (since so is ev. Corollary [20]) . For M e Pic(C^”) we proved in [IH 
Lemma 5.6] and the identity (44) ibidem; 

M^j = A4,q+i) (23) 

when i > j e {1,..., n + 1}, where Mij = E^~^^ o E^{M), and: 

5n+l(5n(eV_A4) = Xm KlcH(n+2) Xm- (24) 

Let us now denote the functors corresponding to and 6n in the setting of the 
Amitsur complex C{CM C/C, Pic) by: 

E'r, ^ Cfn ^((<^ ^ C)®c("+^)). 

Suppose that C is symmetric. Due to Lemma 15.41 the augmentation functors 

r)f : (C S ^ (C K C)^c{n+i) 




for z = 1, 2, • • • , u + 1 can be viewed as functors 

^n+l . ^Kl(n+1) _^ ^KI(n+2) 


(25) 
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Lemma 5.5 For a symmetric category C the above functors rj'f : —)■ 

coincide with the augmentation functors ef : —)■ from / fT^) for i = l,2,---,n. 

Conseguently: 

1. e^(X) = for all X e Inv(C^^) = Inv((C K C)®c(n-i)) /or z = 1, 2, • • • , n; 

2. E^(M) = M Kc®™ ~ M S(c^c)®c("-i) ^-i(C for all 

M. G Pic(C^”) for z = 1, 2, • • • , n. 

Proof. Since X = • ■MX'^ corresponds to (X^KIJ)Klc- • •Klc(X"'“^KI/)Klc(X"“^KIX”') 

in by the equivalence fl22D . for every z = 1, 2, • • • , n — 1 we have: ffl~^{X) = 

{X^ m I)mc {I ^ I) (X^ K J) Kc ■ ■ ■ {X^~^ K I) Kc {X^~^ K X^) which 

corresponds to X^ KI---KIJKIX*KI---K1 X^~‘^ K1 X'^~^ Kl X^ = e"(X), whereas for z = n 
we hnd: = (X^ Kl J) (X”“^ Kl X"') (/ Kl J), which corresponds to: 

X^M---MX^-^MIMX^ = e^{X). □ 

We recall that in m Section 5.1] we dehned the category Z'^jC, Pic ) whose objects 
are (XI, a), where M. G Pic(C®"'), and a : —?■ is an equivalence of 

niodule categories so that 6 n+i{(y) ~ Xj^. A morphism (XI, a) —)> (XA, /3) is an equivalence 
of C^”-module categories E : Ai ^ Af fulhlling (dodn^E) ~ a. Equipped with the tensor 
product (XI, a) 0 {Af,(d) = (AA KloHn Af,a IEloBi(n+i) (d) and the unit object 
the category Z'^(C, Pic ) is symmetric monoidah Every object in this category is invertible 
and the corresponding Grothendieck group we denote by Z'^IC, Pic ). Furthermore, we 
denoted by d„_i : Pic(C^^"'“^^) —)> Z^(C, Picj the monoidal functor given by dn-i{Af) = 
{dn-i{Af), A_v). The subgroup of Z"'(C, Pic ) consisting of elements represented by dn-i{Af) 
we denoted by B'^jC, Pic ) and we dehned: 

= Z"(C,^)/5"(C,^). (26) 

Let now d'^_i : Pic((C Kl —)■ Z"'(C Kl C/C, Pic) denote the corresponding 

functor in the Amitsur complex G(CKIC/C, Pic). It is given by (XI) = {dl^-iiAA), X'j^). 

Lemma 5.6 //[X] G Z"'(C,lnv), then [X lEl/] G i?"'(C Kl C/C, Inv). 

If (M, a) G Z^lc, ^), then (Xf K C, a K C) = <_i(Xf) = ((5;_i(Xf), Aj^,) G B^{C K 
C/C,Eip). 

Proof. By the n-cocycle condition and Lemma IHTbl we have: XKIJ = Xn+i = XiXp...jfy 

= ) € Externc/c, iiiv). 

For the second part, observe that the equivalence a : AA\ KI^Ki{n+i) AA °2 KI^Ei{n+i) 

■ ■ ■ KI^Hn+i XI—)■ induces an equivalence 

/3; AA^Ij = AA^^ K C -> AA^ AA 2 Kc®n+i ■ ■ • AA^^ = d'^_^{M^P). 

It is given by the universal property of the evaluation functor through 

^c®G+i)/^) = o;. (27) 

We have d'^{evs'^_.^{M)) = ^c®(“+2) ^m- Applying the functor d^ to 

the equation fl271) and by its monoidality we obtain: 

(^M I^C®G+2) n + 2) = 

^C®('‘+2) (^M ° ^C®("+2) KlcH(n+2) . . . KlcBl(n+2) a^+1. 
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Here is an+i if n is odd, and it is a~\i if n is even. Now, observe that M. G 

Pic(C^”') = Pic((CKlC)®'^(”“^)), so = (KlcH(n+ 2))”^2 (KlcKi(n+ 2 ))]“|ev;n... Here we use the 
identihcation fl2^ : (C Kl = (^'^("■+2) jn the Deligne tensor product of bimodule 

categories. On the other hand, we have that (5„+i(a) = A_a 4 , which means: 


0.1 KI^El(n+2) 0:2 ^ Kl^Bl(n + 2) . . . Kl^g](n+2) 0^]^2 ~ 

(KlcH(„+2))”+|(IElcH(„+2))i^|eV_M.. = A^ KlcEI(n+2) (KlcKi(n+2))°d'/ev_A4i_„+2 

Combining the last two equations and cancelling out the functor A^ by Lemma [2.61 2), 
we get: 

{^'m ° W)) ^C®(n+2) = (^C®("+2))r=/eV^i,n+2 = ^n(eV^)n+2 = (eV54^))n+2- 

Due to Lemma [2771 the right hand-side is equal to {aM(m{n+i)a~^)n +2 = Cin+ 2 ^c'^{^+‘^)'^n+ 2 - 
Now by Lemma2), applied to the functor yields A^ o (5^(/3) = a ^+2 = ^ C 

depending on whether n is odd or even. We have proved that {3 is an isomorphism between 
{MmC.oMC) and in K C/C, ^). □ 


Corollary 5.7 Let M e ^(C®"). Then 5’^{M^C) = 5„(M) SC. 

Proof. We have that W1 S C G Pic(C^^"’''^^) = Pic((C S C)^'^”') and by Lemma 15.51 
W1 SC = M-n+i in both categories. Thus, applying ([23]), we hnd: 

SC) = Mn+l,l ScEI(n+2) M'^^12 ®C®("+2) • ■ • Kl(.H(n+2) 

= 3^1,n+2 S(^EI(n+2) J^‘^n+2 ' ' ' Kl(^BI(n+2) ‘M.n+l,n+2 

= {Ail S C) S(^BI(n+l)^C) {Ai2 Kl C) S(^BI(n+l)^C) ■ ■ ■ S((-El(n+l)^c) (-^n+1 ^ 


= {Ail S(^H(to+1) AA.'^ S(^BI(n+l) ■ ■ ■ S(^K(to+1) {Ai^^f) SC 

= 6n{Ai)mC 


where the isomorphism in the penultimate line is due to Lemma [2.51 


□ 


5.3 Few words on middle cohomology groups H'^{C, Pic ) 

The following result will be crucial in Subsection 17.21 where we discuss the full group of 
Azumaya quasi coring categories. 

Proposition 5.8 Let F : C —> F he a. functor between two symmetric hnite tensor 
categories. Then F induces group morphisms F^ : H^{C, Pic) — > H"‘(T>, Pic ). If G : C 
—!■ D is another symmetric tensor functor, then F^ = 

Proof. The induced functor F* : Z"‘(C, Pic ) —)■ Z^(V, Pic ) is given by 

F*{Ai,a) = {Ai Sc^n ScH(„+i) pmn+i){V^^^+^^)). (28) 

It induces maps F* : iL”(C,Pic) —)■ H^(V, Pic ) - recall (12B]) - as we clearly have: 
(<5„_i(A7) Sc«. = (<5 „_i(A7Sc«(.-i) 
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(Here the action of the functor F is suppressed in the notation.) So far we have that two 
tensor functors F and G induce maps F^,G^ : H^{C,P) —?■ H'^{F,P) for P being one 
of the functors: Inv, Pic and Pic , and for every natural n, recall Proposition 15.11 Hence 
we have the corresponding maps between the exact sequence flTUD and its analog with C 
replaced by P. We know from Proposition 15.11 that these maps coincide on H^[C, Inv) 
and Pic). Then by the hve lemma we obtain that they also coincide on Pic ). 

□ 

The result of Proposition 15.81 enables us to build a functor 

^■"(•/nec,^) : FTGsymm —t ^ (29) 

from the category of symmetric hnite tensor categories to that of abelian groups. Then 
we can consider the colimit of H^(C/vec, Pic ) over symmetric hnite tensor categories 
C. Namely, let Qgf denote the family of equivalence classes of symmetric hnite tensor 
categories. Consider the following relation of order on Qgf : [C] < [D] if and only if there 
is a symmetric tensor functor C — > P. Then Qgf is a directed family: given C and P, 
the category C^P E FTGsymm and we have symmetric tensor functors C ^ C MP and 
P — > C ^P, given hy X X ^ I and Y i—)■ J Kl H, respectively. For each symmetric 
tensor functor C —)■ "D, by Proposition 15.81 we have a unique group map ■ H^(C, Pic ) 
—)■ H'^jP, Pic ) satisfying Pc,c = W and Pt>,£°^c,v = ^c,£ for every triple [C] < [P] < [£]. 
Then we may dehne 

H^ivec, Pic) = colim[c]go^/-ff”(C/nec, Pic) = colim H'^(»/vec, Pic). 


6 Interpretation of iJhC.Pic) 

Let C throughout he a symmetric finite tensor category. To develop the results on the 
interpretation of the middle term in the second level of the sequence fllUl) necessary pieces 
of information are the following. On one hand, a fact that we already needed when 
dehning Amitsur cohomology in Section [5] - that the dual object for an invertible one¬ 
sided bimodule category is its opposite category and that the evaluation functor involved 
is an equivalence functor, m Section 4]. At this point we will also use the result of 
Corollary 12.11 that the coevaluation functor is the quasi-inverse of the evaluation functor. 
On the other hand, crucial are: Proposition 12.31 - which enables us to freely interchange 
the order of the factors in the Deligne tensor product over C, since (C^^-Mpd, Klc,C) is a 
symmetric monoidal category; Lemma iTbl - which justihes the cancellation of equivalence 
functors between two invertible C-bimodule categories in the product in Pic(C), and hnally 
Lemma [6.11 as we see next. 

Lemma 6.1 Let M. G Pic(C C). Let A : Ai — > Ai A4 be a C-bimodule functor 
and assume that its corresponding -module functor A : Ai 2 —> Ai^ Kl,-® Aii (from 
Lemma 13.3[) is an eguivalence. Then we may consider the following eguivalence of C^^- 
module categories: 

a-^ := (A Kc® MT)co^m2 ■■ Afa Mi Alf • (30) 

Then A is coassociative (in the sense that (A Id)A ~ (IdKlcA)Aj if and only if 
(M,a) e£(C,^). 
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Proof. In this setting, (M,a} G Z‘^(C, Pic ) if and only if 63 (a) = Xm- Observe that 

X_M = (KI(jKi4)^^2(®c®'‘)i“|ev_A4ij = evi2 evis 1X1^84 evi4 

S^E14 6V23 GV 24 

K(^E] 4 eV 34 . 

and that by Lemma 12.71 we have 53 (a) = ai ^1^84 aj ^1^814 03 KI(^ei 4 a\. We tensor the 
equation 63 (a) = Xm (by KIcH 4 ) with the equivalence functor a\ ^1^814 a\. Then due to 
Lemma [2.71 and Lemma [2.61 2), it is equivalent to 





Observe that 


52(-54)i 52(-54)3 — Will -6^21 K(^BI3 Wl31 K(^BI3 jX4i3 WI 23 KI^B13 J^33 

= 7 ^ 4 x 2 ^cKI 3 K^kI 3 7 ^ 4 x 4 K^bI 3 .5443 "^^23 -5434 

then canceling out the same evaluation functors in the above equation we get equivalently: 

evi 3 KIcei4 a\ K1(;B4 a\ = ev 24 KIcH4 a\ 1X1^84 a\. (31) 

Recall that the equivalence functor a\ : 62 (M.)f is given by: 

«I = ev52(A4),(Id52(A^)7 ^cH^a-^) = ^s2{M)i(^^52{M)P ®c®4(Ai Kc®4 M'^)cmvM2^)- 

Let us write aj in braided diagrams. Observe that Aj : M. 2 i -Msi -Mu. We will 
write ij for Mij and ij for .A4°J, we have: 


li 2i Si 



\ _ y 


Equation fITT]) written in braided diagrams (in the symmetric monoidal category Pic(C®^), 
so the order of the in- and output objects is irrelevant! and the same holds for the sign 
of the braiding) looks like this: 


_ _ _ _ _ _ _ 2 i 2 ijn _ ^ 

13 13 12 22 32=24 14 24 34 24 24 12 13 14 13 23 34 



V_ J V_y V_y V_ 


We now cancel out evi 2 , evi 4 , ev 34 and the (identity functors on) the tensor factors 12,14 

and 34 to get equivalently: 

_ _ _ 21 _ 

13 13 23 24 24 24 24 13 13 23 
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Next, apply the dual basis axiom for the factors 23 and 24 on the left hand-side, and on 
the factors 13 and 23 on the right hand-side (recall that we identify ev and ev = ev o t), 
to obtain: _ _ _ _ 

13 13 24 23 24 24 24 13 23 13 


U 




12 34 14 14 12 34 

Finally, compose from “above” with equivalent functors coevia and coev 24 . By Corol¬ 
lary |2II] we have ev o coev = Id, so we get equivalently: 


23 23 



12 34 14 14 12 34 


Applying the dual basis axiom for 24 on the left hand-side and 13 on the right hand-side, 
we obtain equivalently: 

23 23 



When we apply this equation to M 2 G MI 2 we obtain: 

(A 4 A4i2)A 2 (Af 22 ) — (-A 134 A.i)A.^[M22) 

which by f[T7|) is equal to: 

A4(M(i) 32) IE^gl4 M(2)12 = Af(i)33 ^1^84 Ai(M(2)i3) 

which we can read as: 


A4(M(i)24) KIcB 14 M(2)12 — Af(i)34 KI(;KI4 Ai(M(2)2i) 

and then again by mzi interpret as: 

^(1)(1)34 ^(1)(2)14 ^(2)12 — A/(1)34 KIcKI4 KIcBI 4 Af(2)(2)ii • 

The above is an identity in FuncBi4(A423, that by (ITHU corresponds 

to the identity: 


^(i)(i) ^(i)(2) Af(2) = M(i) Klc Me Af(2)(2) • 

This is precisely the coassociativity condition for A : A4 —> A4 Me Ai. 


□ 


Remark 6.2 Observe that if Ad = C M C, then A((A Kl Y) 2 ) = A(A / Kl F) = 
(X S J K /) (IMIMY) XMIMY, hence A ~ Id. 

























Remark 6.3 Let M G Pic(C). Then = (C Kl M) Kl C) ~ N'°^ M M = 

Can(AA; C) with the coassociative comultiplication functor as in Example 14.21 Example 14.61 
We then have: 5i{N')2 — MC MM. Observe that there is an equivalence: 

~ M^mCMM = {M°^MM)2 

where we applied Lemma 12.51 and it involves ev for M in the middle component of the 
threefold Deligne tensor product. This makes A : {M°^MM)2 —t (A/'°^KIA/') 3 {M°^M 
M)i ~ {M°^MM)2 an equivalence (recall from Lemma 1X51 how A is dehned). In particular 
we may write: A"^ ~ M°p K ev^r K A/" ~ ev^^is K 1 cH 3 (A/'°p MCMM). 

Furthermore, it is: 

626 i{M) = 6i{M)i Kc® <5 i(AA)3 Kc® <5i(AA°p)2 

= A/ll •^21 A/i 3 KIi>H 3 A/ 23 * A/*!^ KIi>H 3 A /22 

= A /12 ^(1EI3 A/i 3 * K 11 EI 3 A/i 3 KI^H3 A/^f KI^KI3 A/i 2 * KI^H3 A /23 

and = ev_v '^2 ^1^813 gvmh KIcei 3 Putting A in the formula fl30|) . we get: 

a = TOev"^(^)^ o (A-^ Kc® <^i(AA)f) 

= ^Wi(At )2 ° ( 6 ’^M 3 (A/'°p KI C KI M) KI^ei3 (AA^p lEl C lEl A/”)) 

= V, (32) 

where we applied Corollary 12.11 


Lemma 6.4 Let Ad G Pic fC Kl C), A : Ad — )■ Ml Mq Ad, A : Ad 2 — > MI3 IEI^hs Adi and 
a : Ads Adi IE1 cH 3 Ad^^ —)■ be as in Lemma 1^/71 and let M G Pic(C). Then 
there is an equivalence functor Ml ~ A/’°pKIA/'= Can(A/', C) of C-bimodule categories with 
coassociative comultiplication functors if and only if {Ai, a) = {5i{M), \j\f) in Z^{C. Pic ). 

Proof. Set A', A' and a' for the corresponding functors for 5i{M). By fl32|) we know 
that a' = Xjg-. There is an equivalence F : Ml —)■ Si{M) of C-bimodule categories with 
coassociative comultiplication functors if and only if F is C-bilinear and the following 
diagram commutes: 


Ml 
F 
Si{M) 


A 


A' 


■ Ad KIc Ad 
F F 
■6,{M) Sc A (A/). 


(33) 


By the adjunction isomorphism from Lemma 13.31 this is equivalent to commutativity of 
the diagram 


MI 2 
F 2 
6 i{M)2 


A 


A' 


Ads Adi 

F 3 K^ei3 Pi 
Ai(A/)3 A(A/)i 


(34) 
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where F is C-bilinear. This, in turn, is equivalent to commutativity of the right square in 
the next diagram 


C®3 ^ ^op - 

Fa [F°^) 


A KcH3 M‘^ 


A' ^c® <^i(Ar)7 


A^3 A^l J^2 

IEI^gl3 Fi KI^E13 (-^2^)”^ 
(5i(A/') 3 ^^EI3 5l (AA)i (V)7. 


(35) 


Observe that the left square is also commutative. Now, commutativity of the full diagram 
is equivalent to a' o 52 {F) = a, meaning that {A4, a) = {6i{Af), A^y)- □ 


Lemma 6.5 Let M G Pic(C KIC), A : Ad —> A4 Sc Ad, A : Ada —> Ada Schs Adi and a : 
AdaSc® AdiSc® Ad2^ — >■ he as in Lemma EAl If ^ A coassociative (or, equivalently, 
(Ad, a) G Z^fC, Pic) j, then there is an equivalence functor M SC ~ Can(Ad; C SC/C) of 
bimodule categories with coassociative comultiplication functors. 

Proof. If (Ad, a) G Z^(C,Pic), by Lemma ES we have: (Ad S C, a S C) = ((5((Ad), A(^) 
in i?^(C S etc. Pic ). Then there is an equivalence Ad S C ~ d[{M.) = ((C S C) Sc 
Ad) S(ckc)c(ckc) (Ad°^ Sc (C S C)) ~ Ad°P Sc Ad = Can(Ad;C S C/C) of C S C-bimodule 
categories. By Lemma 16.41 this equivalence is compatible with the comultiplication func¬ 
tors. n 


Definition 6.6 Let C be a symmetric finite tensor category. An invertible C-bimodule 
category Ad with a coassociative C-bimodule functor A : Ad —)■ Ad Sc Ad is an invertible 
quasi C-coring category. If moreover the corresponding C^^-module functor A : Ada —)■ 
Ads Sc® Adi (from Lemma mi) is an equivalence, we will say that M. is an Azumaya 
quasi C-coring category. 

Remark 6.7 The name Azumaya in the above dehnition is inherited from Azumaya 
corings introduced in [3l Theorem 3.4]. It has to do with the fact that in the case 
of Azumaya corings the coassociativity of the map A is equivalent to an isomorphism 
analogous to the equivalence of categories in Lemma 16.51 When working with Azumaya 
coring categories, the coassociativity only implies the mentioned equivalence. The reason 
for loosing the “if” part in the claim is the missing of the “faithful flatness” condition, as 
we announced in the introduction. 

Example 6.8 From the dehnition and due to Remark 16.31 it is clear that the canonical 
quasi coring categories Can(AA;C) = A/""^ Kl A/" with Af G Pic(C) are Azumaya quasi C- 
coring categories. Similarly, by Remark 16.21 and Example 14.61 we have that C Kl C is an 
Azumaya C-coring category. 

We will denote by AzQCor{C) the category of Azumaya quasi C-coring categories and 
their equivalences. We have: 

Proposition 6.9 For a symmetric hnite tensor category C the category 
{AzQCor{C),^(m 2 ,Caxi{C-,C)) is symmetric monoidal. 
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Proof. Let (A^, A) and (Al', A') be two Azumaya quasi C-coring categories. We define 
D to be the composition: 

A K /\ / 

(jA/f ~ -A^2 ^^ -A^3 -A^3 jA/f^ 

jA/1q K^KI3 T ^/^K3 jA/fi 

-^-i- Als Al'g Kc® -^1 ^c®3 M\ 

-► (A1 KI^bi2 KI^bis (A1 KI^b2 A1^)i. 

The functor corresponding to D by the isomorphism in Lemma IXD is the comultiplication 
functor on A4 IE 1 cH 2 j\4': 

D : A1 KI(jei2 A1^ —y (A4 I3^h2 A1^) (A1 KI^bi2 

From the definition of D we have: 

D(^M K^BI2 iff ^2 ~ (-^^(1) iff(l))3 ^^^32 (ilT(2) KI^BI2 Af^2))l) 

and this yields: 

D[M KI(jbi2 M') = (Af(i) ^1^812 Kc (-^(2) KI^bi2 M'f^2))- (36) 

Now it is easy to see that D is coassociative. □ 

Furthermore, we have: 

Theorem 6.10 Let C be a symmetric finite tensor category and let {A4, A) and {A4', A') 
be Azumaya quasi C-coring categories. Consider the corresponding (Al, a), (Al', o') G 
Z^(C,Pic). Let F : Ai —> A4' be an equivalence in Pic(CKIC). Then F is an equivalence 
of quasi coring categories if and only if F defines an isomorphism in Z‘^(C, Pic ). 

Proof. The proof is analogous to that of Lemma EH with Al' = SfiAf) and o' = Xj\f. □ 

Consecuently, there is a monoidal isomorphism of categories: 

H : AzQCor jC) ^^^(C,Pic). (37) 

Let Ko[AzQCor{C)] be the Grothendieck group of Azumaya quasi C-coring categories 
and let Can(C) denote its subgroup consisting of equivalence classes of quasi C-coring 
categories represented by a category Can(AA;C) for some J\f G Pic(C). Set 

AzQCor{C) = Ko[ AzQCor {C)]/ CanjC) 

for the group of Azumaya quasi C-coring categories. 

Corollary 6.11 There is an isomorphism of abelian groups 

X : AzQCor(C) fL^(C,£iq). 

Consequently, there is an exact sequence 

1 H^{CAnY) ^ H\C,^ ^ H^{C, Pic) (38) 

H^{C, Inv) ^ AzQCor{C) A H^{C, Pic) 

^ ff^(C,Inv) ^ i7^(C,£iq) A H^{C, Pic) 

74 ^ 
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6.1 The connecting map on the second level 

Here we will describe the map cj appearing in the second level of the above sequence. 


Lemma 6.12 Let C be a symmetric finite tensor category and let [X] G H^{C,lnv) with 
X = Kl Kl X^. There is a structure of a C-coring category on (C Kl C)x, where 
(C KlC)x = C KIC as tensor categories with the C-bilinear comultiplication and the counit 
functors Ax ■ {C Kl C)x —(C Kl C)x KIc (C Kl C)x — C M C M C and Sx '■ {CM C)x —t C 
defined via Ax{I MI) = X^ Kl X^ Kl X^ and £x{I Kl J) = |X|“^ on objects. For f : Y M Z 
— 'fY'MZ' in CMC we define Ax{f) by the commuting diagram 


Axif) 


YX^MX^MX^Z 
Id Id 

YX^ K K 

and £x{f) = ® ^(/)j where £(/) is from Lemma\J73 


m(X 


- 1 ' 


■YMIMZ- 


/2 


Y'MimZ' 


m{X) 


■ Y'X^ K ^ X^Z' 

Id K Id ,x^ 

■Y'X^MX^MZ'X^ 

(39) 


Proof. The functors Ax and ex extend to C-bilinear functors as follows: Ax(H M Z) = 
(YX^ K X2) Kc (I ® X^Z) ~ yx^ K X2 s X^z and ex(h" M Z) = Y\X\-X. The 
coassociativity of Ax means that there is a C-bimodule natural isomorphism between 
the functors: F = (Mckic Ax and G = (Ax IdcKic)^x:- Applying them to 

an object HKlZGCKICwe obtain: (IdcKic ^cAx)((yX^ Kl X^) Klc (/ Kl X^Z)) = 
(YX^ K X 2 ) Sc S_^)_Kc (£^ IPX^Z)) ~ FX^ S X^Xi S X^ S 'JOX^Z, where 
X = X^ SX2 SX3^Xi^X2 SX3_0n the other hand, (Ax Kcldc^((l^^ KX^) Sc 

(jsx^z)) = (yx3xisx2)Sc(/KX3x2)Sc(/Kx3z) ~ yx3xisx2sx3x2sx3z. 

Let a : F —)■ G be the following transformation: 

YX^ K1 K X K X X^Z = F(Y K1 Z) -^^—- G(Y K1 Z) = XX^X K1X El X X^ K X^Z 

Id KI Id El Id Id E Id x? ^ M 

XXi E X^X^ E X^ E X'^X^Z-^" XX^Xi E X^ E X^X^ M X^Z 

(40) 

where the bottom line is equality by the 3-cocycle condition ([20]). It is clear that Q:(y SZ) 
is an isomorphism for all F Kl Z ^ CMC. Observe that by dehnition fl3^ the morphism 
F[f) for / : F S Z —)■ F' S Z' in C Kl C is given by the commuting diagram (1) (and the 
outer diagram) in: 


XXi E X^X^ E X^ E X^X^Z = F(X E Z) ■ 


Id E Id E Id ^ 


nf) 


XXi E X^X^ E X^ E zx'^x^ 


(XE/E/EZ) Ec4 IX - 

m(IX-b 
XE/E/EZ 


0 

/23 W 


0 


/23 


■ F(Y' E Z') = X'Xi E X^X^ E X^ E x'^X^Z' 


Id E Id E Id E<I>2 / 5^x3 


X'Xi E X^X^ E X"^ E Z'X^X3 


-- (X' E / E / E Z') Ec4 IX 

m(IX) 

■ X' E / E / E Z' 


(41) 
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where W = lEl X'^X Kl X IE X X^ (observe that the trapeze (2) above commutes 
automatically). The morphism G{f) is similarly dehned, with W replaced by 17 = X^X IE 
X E X X^ E X^. Set ax = Oi{I E /). To see that a is a natural transformation observe 
the following diagram: 


Y(E)W^Z = F{Y Kl Z) - 

Id Kl Id Kl Id ^ 

{Ymmmz)MciW - 


a{Y Kl Z) 


Id ^(^4 CLx 


— G(y KIZ) = Y®U<Z)Z 
Id Kl Id Kl Id 

—- {YMIMIMZ)MciU 


J23 KIc 4 W 

{Y'Mmm z') e1c4 w — 

Id Kl Id Kl Id ^3_^3 
Y'0W^Z' = F(Y' K Z') - 


Id ^(^4 dx 


a{Y' Kl Z') 


fis I^C"* U 

— ^{Y'MI^IMZ') Kc 4 U 
Id K1 Id K1 Id 

- G{Y' Kl Z') = Y'®U®Z' 


All the three inner rectangulars above clearly commute, and the commutativity of the 
outer diagram assures the naturality of a. It is direct to see that a is a C-bilinear 
transformation. 

We next prove the compatibility condition for the comultiplication and the counit func¬ 
tors: (£x^cId)Ax(XEZ) = (£xKcId)((XX^EX2)Ec(/EX3Z)) = yXi|X|-iX2Ec(/E 
X^Z) ~ XX^IXI-^X^EX^Z and (IdEcex)Ax(XEZ) = (Id Ecev)((h"Ai EX^) Ec (JE 
X=^Z)) = (XX^EX2 )Ec|X|-W 3Z ~ rX^EX^lXj-^X^Z. Consider the transformations 
I and r dehned below: 


YX^\X\-^X‘^MX^Z 
^xi.ixi-i^X^KlId 

Y\X\-^X^X'^MX^Z -=—- YMZ 



and 


YX^MX'^\X\-^X^Z 


Id ^^x^,\x\-^^^Z 


YX^ Kl |X 



^X^X^Z -=—- Y^Z 


where the bottom isomorphisms are due to Lemma 15.31 They are clearly C-bimodule 
natural isomorphisms. □ 


The coring structure presented in the previous lemma is the main protagonist in the 
next result: 


Proposition 6.13 Let C be a symmetric hnite tensor category. There is a group mor¬ 
phism 

u : i7^(C,Inv) ^ AzQCor(C) 
given by Ci;([X]) = [{C EC)x] for [X] G i7^(C,Inv). 

Proof. Set [X = X^ E X^ E X^] e i7^(C,Inv). Let us prove that cu does not depend 
on the representatives of classes. If X ~ X in i7^(C,Inv), then there is Z = E = 
Z^ E Z^ G Inv(C E C) such that X = 5Z ■ Y, or, equivalently, 

Z^X^ E X^ E Z^X^ = E Z^'^Y'^ E Z^Y^. (42) 

In order to prove that a;([X]) = a;([X]), observe the following C-bimodule functor: F : 
(C E C)y ^ (C E C)x, given by F{I E J) = Z^ E ZT We hnd that {F Ec F) Ay (/ E /) = 
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^v^z^^z^v^zmz^v^, 

whereas AxF(I^I) = Ax(Z^^Z^) = (Z^X^^X^)^c(I^^^Z^) ~ Z^X^^X^^X^Z^. 
Let 7 : A^ o F —)■ (FIElc F)Ay be the (obviously) C-bimodule natural isomorphism given 
by the commuting diagram: 


7(U^V) _2 

UZ^X^ MX^M X^Z^V -^ UY^Z^ K Z^Y^Z H Z Y^V 

Id K1 Id K1 $j(;3 22 (8>V U <Z> ® ^ 

UZ^X^ El lEI Z'^XX -^" UZX^ E g| z\x 

The bottom isomorphism is due to ([42]). Then it is clear that F : (C Kl C)y — (C KI C)x 
dehnes an equivalence of quasi C-coring categories, since Z is invertible. 

Finally we prove that cn is a group map. Take [A], [F] G iL^(C, Inv). We have: 
a;([A][F]) = a;([AF]) = [{CMC)xy] and u;([A])a;([y]) = [{C M C) x\[{C M C)y] = [(C K 
C)x KIckc {C KIC)y]. The comultiplication functor for the latter coring category is given 
by (ES]), that is, D{{IMI) Kckc (/K/)) = (F^ 

(/ K F^)) ~ (AW^ K AW^) Kc (/ ^ AW^) ~ AF = Axy\i K !)■ Then it is clear that 
a;([A][F]) and a;([A])a;([F]) determine the same quasi coring category. □ 


Remark 6.14 Given two coring categories A1 and M one would expect the counit functor 
on their product e : A1 KIc^cA/" —)■ C to be given by e{MMN) = exi{M)ex'{N). However, 
it is not clear how to prove the compatibility of the counit and the comultiplication 
functors on M. KIckic AA. This is even not clear in such a simple case as for the 3-cocycle 
twisted coring categories (C KIC)x- 

Though, we do have that the map uj restricted to the set H^{C, Inv) produces proper 
C-coring categories (the class of the coring [(CKIC)x] - with the counit functor - does not 
depend on the representative of the class of A in the cohomology group). Indeed, with 
the notations as in the above proof we have that o F{U IE F) = ex{UZ^ E Z'^V) = 
UZ^\X\-^Z^V and ey(F M V) = F|F|-W = U\X\-^\Z\V, so define the (obviously) 
C-bimodule natural isomorphism <5 : o F —)■ ey to be (5(F E F) = F 0 $zi,|x|-i ® F^F. 

The map uj from Proposition 16.131 makes the following diagram commutative (up to 
an anti-group switch): 

H%C,lnv)-^H\C,^) [A]> >(CEC,m(A)) 



AzQCar{C) {{CmC)x,Ax). 


Here y is the map from Corollary 16 .11 1 and x([(Al, A)]) = [(Ad, a(A))], with a from flHUD . 
To see this, recall from (ITT)) that A(M 2 ) = M(i)3Ec®3M(2)i, where M(i)Ec® 2 M( 2 ) = A(M). 
Then it is immediate that Ax = m(A), so it is indeed a C^^-module equivalence. Let us 
compute a(Ax). First of all observe that Ax((FEF) 2 ) = (FA^ E A^ E J) Ec®3 (JE JE 


34 












X^Z), then by we have: 


« ^{Xx){I^^) — (Ax KI^hs (C KI 0)2^) o coev(cKic)2(-^^^) 

= (AxKc® (c ®)(0(t^i mimV') Kc®3 w^)) 

i£j 

= 0(^*A^ mi) Kc®3 (/kk aV/) Kc®3 {WimIm w') 

i€J 

i&J 

- 0(l^iA^ K A^ K AV/) Kc®3 {WiMim W'^ 

i€J 

i 6 J 

~ m(A)(0(t/i Mim 1//) Kc®3 {WiMIM W')) 

i€J 

m(X)({^ RomX Vi.W,)miM RomX VLW')) 

ieJ 

~ m(A) 


where the last identity is dne to Corollary 12.11 Then a(Ax) — m((A) ^), and we obtain 

x(|((CHC)x,Ax)l) = |((CKIC)x,m(X->))|. 


7 The full group of Azumaya quasi coring categories 

So far we have stndied modnle categories over a symmetric hnite tensor category C. In 
the next two snbsections we will investigate which relations we have if we take another 
symmetric hnite tensor category V into a consideration. 


7.1 The colimit over symmetric finite tensor categories 


Let X : C —> V he a fnnctor between symmetric hnite tensor categories. Then the 
indnced fnnctor X' : AzQCor{C) AzQCor{V) is given by X'{M.) = M KI(jki 2 DMI). 
The comnltiplication fnnctor on the latter is indnced by those on At and XmX. That is, 
A : Aim(.s 2 T>mV —)■ {AimQmT>m'D)mx>{Xi^c^ 2 'DmV) is given by: A(MKI(^ki 2 (DKID')) = 
(M(i) KI(jH 2 {D K1 I)) lElp (Af( 2 ) KcH 2 (/ K1 D')) for M G At, D, D' G V. It is direct to check 
that A is CKlC-balanced, as C and X are symmetric. The left P-module category strnctnre 
on At IE1 cH2 XmX is indnced by that onXMX. The fnnctor X' is snch that the following 
diagram commntes: 

AzQCor jC) — IL^ z‘^{CXic] 


X' 


X* 


AzQCor jV) — 


where X is the monoidal isomorphism from flHTl) and X* was dehned in fl28l) . After taking 
the corresponding Grothendieck gronps and their qnotients, we obtain a commntative 
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diagram: 


AzQCor{C) 


r\j 




F" 

AzQCor(V) 




This is to say that the group isomorphisms in Corollary 16.111 induces an isomorphism of 
functors 

AzQCori*jvec) = H‘^{*lvec, Pic ) : FTCgymm —t Ah 

where the second functor is that from fl2^ for n = 2. Here we identify AzQCor{C) = 
AzQCor{C/vec) for any C G FTCgymm- So for the colimits we have: 


colim AzQCor{*/vec) = colim H‘^(»/vec, Pic) . (43) 


7.2 The full group of Azumaya quasi coring categories 

In this subsection we will introduce the full group of Azumaya quasi coring categories 
and we will prove that it is the colimit of the relative groups AzQCor{C/vec). For these 
constructions Proposition 15.81 is of great importance. 

We dehne an Azumaya quasi coring category over vec as a pair (C,A4), where C is a 
symmetric hnite tensor category, and M is an Azumaya quasi C-coring category. Given 
two Azumaya quasi coring categories (C,M) and (V,J\f) over vec, a morphism between 
them is a pair {F, F), where F : C —> F is an equivalence of symmetric tensor categories 
and F : Ad —)■ AA is a C-bimodule category equivalence that preserves the comultiplication 
functors. Let AzQCor{vec) be the category of Azumaya quasi coring categories over vec. 
In what follows, the (canonical) Azumaya quasi coring categories of the form for 

J\f G Pic(C) and C a symmetric finite tensor category, we will call elementary. 

We start by an easy to prove result: 

Lemma 7.1 Let C and F be tensor categories. If Fi E C-Mod and J\f G "D-Mod, then 
MMM eCMF-Mod. 


Lemma 7.2 Suppose that C and F are braided tensor categories. If Fi is an Azumaya 
quasi C-coring category and Af is an Azumaya quasi F-coring category, then Fi^Af is 
an Azumaya quasi C Kl F-coring category. 

An analogous statement holds true for invertible coring categories. 

Proof. Since C and F are braided, so is C Kl P (e.g. m Section 2.1, equation (8)]). We 
have that AT Kl A/” is indeed an invertible C Kl P-bimodule category: 


(AT K Af) Mcst, (A4°p K AA°p) ~ (AT Kc A4°p) K (Af Af°^) ~ C S T>. 


The functor A defined through the composition: 


AT mAf 


A a/( KI A/y 


r'^ 
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(AT Sc AT) S {Af mv Af) 
(AT S Af) ScKix* (AT S Af) 














is CKlP-bilinear, because is C-bilinear and Aj^f is "D-bilinear. For M G and A G AA 
it is A(MKI A) = (M(i) lEl A(i)) Mcwd {M[ 2 ) ^ A'( 2 )). Then it is clear that A1 KIA/" equipped 
with A is a quasi C Kl P-coring category. 

Let A denote the corresponding functor for A1 Kl M. To see that it is an equivalence, 
we compute: 

A((Af Kl A) 2 ) = (Af Kl A)(i )3 (Af K1 A)( 2 )i 

— (Af(i) A(i ))3 (Af( 2 ) Kl A( 2 ))i 

— (_Af(i)3 ® ^(ps) ®(CKIXi)®3 (Af( 2 )l Kl A( 2 )i) 

— Am{M2) K1 A_a/(A2). 

Since both A_m and Aj^ are equivalences and the bifunctor Kl is biexact, we conclude that 
A is an equivalence, too, proving that A1 KI A/” is Azumaya. 

If Em and ej\f are the counit functors for Ai and Af respectively, then e := em is 
clearly the counit functor for AA Kl Af. □ 


Take {AA, a), {Af, fi) G Z‘^(C, Pic ) such that [{AA,a)] = [{Af,fi)] in H‘^(C, Pic ). Let 
F : C —?■ "D be a symmetric tensor functor and consider two further functors: A, T : C 
CMV given by: 

A{X)=IcMF{X) and ^{X)=XMlTy 


for A G C, here Ic, Iv are the unit objects in C and "D, respectively. They are symmetric 
monoidal functors. We may rewrite them as: A = (Idc KIA)ei and T = — Kl Idx>. Then 
clearly if C = "D and F = Idc, we have: A = ei and T = 62 , where the functors ei, 62 : C 
—> CMC are those from fllbp . Applying Proposition 15.81 to the functors A and T we 
obtain: 

[A*(Af,a)] = [vI/*(AA,/3)] 

in Kl D/nec, Pic), where A*,\l/* : Pic ) —?■ Z^(C Kl V, Pic ) are the induced 

functors as in fl28|) . We apply x~^ from Corollary 16.Ill to both sides and we get: 

[(Al Kc® A®2(C K ^ 

in AzQCor{C Kl F). By the dehnition of A and T this can be rewritten as: 

[CMCM{M Kc® f®2(T>^^))] = [AfMVMV]. 


If we multiply the inverse of one of them with the other one we get the unit, hence the 
quasi coring categories: 


{C M C M {AA°^ KIcei2 pS2{fD K T^))) KIckckix>kx) {Af Kl "P Kl F') 


and similarly: 
are elementary. 


EEAfMM°PMcmc 


Af°PM{M ScKc f^2(P^2)) 


(44) 

(45) 


We will apply this idea in the results that follow. Observe that for an Azumaya quasi 
C-coring category (A4, A) and its corresponding {AA,a) G Z‘^(C, Pic ), the inverse of the 
latter in Z^(C,Pic) is represented by {AA°p, {a°P)~^), and its corresponding quasi coring 
category is {AA°^, (A°p)“^). 
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Proposition 7.3 Let M be an Azumaya quasi C-coring category. Then At is an 

elementary quasi coring category over vec. 

Proof. Consider 'H(At) = (At, a) G Pic), where PL is from (EZ]). The assertion 

follows from fHl|) with J\f = M.,C = V and F = Idc- □ 

Let (C, At) and (V,J\f) be Azumaya quasi coring categories over vec. We say that At 
and A/” are Brauer equivalent (notation: At ~ M) if there exist elementary quasi coring 
categories £i and £2 over vec such that At Kl ~ A/” Kl £^2 as (Azumaya) invertible quasi 
coring categories over vec. Since the Deligne tensor product of two elementary quasi 
coring categories is elementary, it is easy to show that ~ is an equivalence relation. Let 
AzQCor{vec) be the set of Brauer equivalence classes of equivalence classes of Azumaya 
quasi coring categories over vec. From Proposition 17.31 it follows that AzQCor(yec) is 
an (abelian) group under the operation induced by the Deligne tensor product Kl, with 
unit element [vec\ and the inverse [(AT°^, (A°^)“^)] of [(Al, A)]. Observe that it is abelian 
since the monoidal category (Cfc,KI,nec) is symmetric. 

Lemma 7.4 Let At and £ he Azumaya quasi C-coring categories so that £ = Can(£;C) 
is elementary, for some C G Pic(C). Then the Azumaya quasi coring categories At £ 
and At are Brauer equivalent. 

Proof. For £ elementary we have PL{£) = (£°^KI£, A^), and if PL{M.) = (At, a), we have: 

[(At £, a K1(jbi3 \c )] = l(M,a)] 

in H‘^(C, Pic ). Let now A/" = At KIcki 2 £,C = V and F = Idc in fl4T)) . Then (At IE1 cE]2 £) lEl 
At°^ = P is an elementary quasi coring category, and 

(At Kc® £) ® K At = P K At. 

By Proposition l7.3l we have that AtlElAt°^ is elementary, so it follows that A4 .Mq^2 £ ~ At. 

□ 


Lemma 7.5 Let F : C —> V be a functor between two symmetric finite tensor categories. 
If M. is an Azumaya quasi C-coring category, then Ai ~ P'(At) = Can(P;P). 

Proof. We set PL(A4) = (At, a) as before, now putting A/" = At in fl45D we have that 
At°^ Kl (At KI(^ki 2 pm Can(P;P)) = is an elementary quasi C Kl P-coring category. We 
then have: 

At S At°P K (At Kc ®2 Can(P; V))czMM £, 
being At M elementary, we may deduce that At ~ F'{M) = At ^1^812 pm Can(P; V). 
□ 


Proposition 7.6 Let C be a symmetric hnite tensor category. There is a well-dehned 
group monomorphism: 

ic : AzQCor{C) AzQCor{vec), ic{[Ai]) = [At]. 
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If F : C — > V is a. functor between two symmetric finite tensor categories, then there is a 
commutative diagram: 

AzQCor{C) ► AzQCor{vec) 

F 

AzQCoriV). 

Proof. Let us hrst make sure that ic is well-dehned. For that purpose take [M] = [A/"] 
in AzQCor{C) = KffyAzQCoriC)]/ Can(C). That means that for an elementary quasi 
C-coring category £ we have M. — £. Multiplying this in the group AzQCor{C) 

by A/", i.e. tensoring the equation over C Kl C by A/", we obtain M. zz M £. By 
Lemma El this is Brauer equivalent to Af in AzQCor{vec), thus ic is well-dehned. Let 
us now show that ic is a group homomorphism. Let Ad and M be two Azumaya quasi C- 
coring categories. Then by Proposition I7.3l the quasi CSC-coring category Ad°^KIAd = £i, 
and clearly the quasi C-coring category Ad Ad°^ = C 2 , are both elementary. Now we 
hnd: 



MMM ~ {MMM)mcmi{M°^MM) 

— (Ad Ad°^) Kl (A/” KI^b 2 Ad) 

~ J\f K(^b 2 Ad — Ad KI^b2 Af 

where the hrst identity holds by Lemma El the second identity is due to Lemma 1231 and 
the third one holds because vec is trivially an elementary quasi coring category. Thus, in 
AzQCor{vec) we have: 

ic([A4 mcM 2 Af]) = [MmAr\ = ic{[AA\)ic{[Ar\). 

This proves that ic is a group map. It is clearly injective. 

Finally, from Lemma El it follows that icifAd]) = [Ad] = [Ad KIcH 2 pmiV MV)] = 
{iv o F){[A4\). □ 


Theorem 7.7 We have the following isomorphism of groups: 

AzQCor{vec) = colim AzQCor{*/vec) = colim H‘^(»/vec, Pic). 


Proof. From Proposition 17.61 and the dehnition of the colimit we have that there is a 
unique map 

i : colim AzQCor{*/vec) —)■ AzQCor{vec). 

Let A be an arbitrary abelian group, and let Pc : AzQCor{C) —> A he a collection of 
maps such that 

PvoF = Pc, 


for every functor of symmetric hnite tensor categories F : C —> V. 
We dehne the map 

P : AzQCor{vec) —A 
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as follows. An element X of AzQCor{vec) is represented by an Azumaya qnasi C-coring 
category M for some symmetric finite tensor category C. Then define 

/3(X)=/?c([-M]). 

To show that it is well-dehned, take an Aznmaya qnasi P-coring category Af snch that 
[Af] = [M]. Then 

Mm{vmv) r-uM Af AfM{cmc) 

and from the injectivity of icmv (see Proposition 17.61) we obtain that [Ai Kl (D Kl V)] = 
[A/" Kl (C Kl C)] in AzQCor{C Kl V), hence 

l3c{[A4]) = l3mv{\MMiVMV)]) = l3cM[UM{CmC)]) = MM]), 

so (3 is well-dehned. It is constructed so that the diagrams 

AzQCor(C) ► AzQCor{vec) 

A 

commute for all C G FTCgymm- To prove that (3 is unique with such a property, assume 
that there exists 7 : AzQCor{vec) — > A with yic = (3c for all symmetric hnite tensor 
categories C. Let X = [Ai] G AzQCor{yec) for some symmetric hnite tensor category 
C and an Azumaya quasi C-coring category Ai. We then have: 7 (W) = 7 ic([AT]) = 
l3c{\Ai]) = l3ic{\Ai]) = /S(X), hence 7 = /9. This means that AzQCor{vec) satishes the 
required universal property of a colimit. Finally, apply fH3|) . □ 

Observe that all the results in this subsection are valid for Azumaya quasi- as well for 
proper coring categories, so we have: 

AzCor*{vec) = colim AzCor* {•/vec) 

for the corresponding groups of Azumaya coring categories. 
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